THE PALAIS-SMALE CONDITION ON CONTACT TYPE ENERGY 
LEVELS FOR CONVEX LAGRANGIAN SYSTEMS 

GONZALO CONTRERAS 

Abstract. We prove that for a uniformly convex Lagrangian system L on a compact 
manifold A/, almost all energy levels contain a periodic orbit. We also prove that below 
Mafie's critical value of the lift of the Lagrangian to the universal cover , Cu (L), almost 
all energy levels have conjugate points. 

We prove that if the energy level [E = k] is of contact type and M 7^ then the free 
time action functional of L + fe satisfies the Palais-Smale condition. 



1. Introduction 

In this paper we continue the study of the Morse theory of the free time action functional 
for convex lagrangian systems that we begun in jH]. This time we try to include the case 
of low energy levels, where very little is known. The main problem with the free time 
action functional is that it may fail to satisfy the Palais-Smale condition, usually required 
for variational methods. Here we prove that if an energy level is of contact type and the 
configuration space M 7^ is not the 2-torus, then it satisfies the Palais-Smale condition. 
We also prove that when an energy level projects onto the whole configuration space M, 
the set of closed loops has a mountain pass geometry. An adaptation of an argument by 
Struwe to the mountain pass geometry shows the existence of convergent Palais-Smale 
sequences for almost all energy levels. This implies that for almost all energy levels which 
project onto M the Euler-Lagrange flow has a periodic orbit, has closed orbit loops starting 
at any x G M, and has conjugate points if the energy is below Mane's critical value of 
the universal cover. The same holds for an energy level which satisfies the Palais-Smale 
condition, and hence in particular for contact type energy levels. 

In jni we proved that high energy levels have a periodic orbit. Very low energy levels 
which do not project onto M are displaceable, and then, by results of Prauenfelder and 
Schlenk [Uj, ^7\, they have finite Hofer-Zehnder capacity. Combining these results we 
get that almost all energy levels have a periodic orbit. Our class of Lagrangian systems 
include exact magnetic flows on compact manifolds. 

1.1. Critical energy values. 

Let M be a closed Riemannian manifold with dimM > 2. Let vr : TM M he the 
projection. A lagrangian on M is a C°° function L : TM M. We shall assume that L 
is (uniformly) convex: there is a > such that 



w* ■ ^ 

dv dv 



(x,v) 



2 

w > a L for all x G M, v,w £ T^-M. 
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This uniform convexity and the compactness of M imply (see e.g. Lemma below) that 
L is super linear: 

lim — |— — ^ = +00 uniformly on TM. 

\v\x~^+(X) \v\x 

Since M is compact and L is autonomous, the Euler- Lagrange equation 
/T^ T N d dL dL 

defines a complete flow ipt on TM called the Euler- Lagrange flow of L. The energy function 
E : TM R, 

dL 

Eix, v) := —{x,v)-v- L{x, v), 

is invariant under the Euler-Lagrange flow. 

The action of an absolutely continuous curve 7 G C""^([a, 6], M) is defined by 

^l(7)= [ L{j{s),^is)) ds. 

As noticed by Dias Carneiro ^Ij and Mane jl7j . critical points for the action oi L + k 
among curves with free time interval are solutions of the Euler-Lagrange equation which 
have energy E = k. The most direct way to obtain critical points is to look for minima. 
It turns out that if k is low enough there are no minima because then the action of L + A; 
is not bounded from below. The exact threshold is given by Mane's critical value: 

c{L) = min{ /c G M | ^4^+^(7) > for all closed curves 7 on M}. 

The action functional A^j^k is bounded from below on the space of curves with fixed 
endpoints and on the space of closed curves if and only if A; > c(L). It is also known |17j . [HI 
that 

c(L) > eo(L) := min{ /t € M | T:{E'^{k}) = M }. 

If p : A'^ — > M is a covering map and Li = L o dp is the lift of the lagrangian, it is easy 
to check that c(Li) < c(L). Thus we have that 

eo{L) < Cu{L) < co{L) < c{L), 

where Cu and Ca = cq are the critical values of the lifts of L to the universal cover and 
the abelian cover. The number cq{L) is also called the strict critical value and has the 
following characterization |26l : 

co(-L) = — min | J L dfi is a (/j^-invariant probability with homology p{fi) = | 
(1) = min { c{L - uj) \ [io] e H\M,R)}, 

where the homology p{fj.) £ Hi{M, M) H'^{M, M)* of an invariant measure with compact 
support fj, is defined by 



(M>p(a^)) = / ^x{v) dfi{x,v) 
Jtm 

for any closed 1-form uj on M. Here [io] G H^{M,R) is the cohomology class of uj. 
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Given a covering map p : N ^ M \et Li = L o dp he, the lift of the Lagrangian L to 
TN and ci = c{Li) its critical value. The Peierls barrier hc^ : N x N ^M.\s defined by 

hci{qo,qi) : = liminf ^>ci(go,gi;r), 

T — >- + oo 

<^cAQ0,qi;T) : = mi { Al,+cAi) \ 1 ^ C^'{[0,T], N), 7(0) = go, ^{T) = qi }. 



1.2. The Palais-Smale condition. 

We describe now our setting for the Morse theory of the free time action functional. 
Let TL^{M) be the set of absolutely continuous curves x : [0,1] ^ M such that 

ds < 00. 

Then Ti.^(M) is a Hilbert manifold and its tangent space at x consists of weakly differen- 
tiable vector fields along x whose covariant derivative is bounded in C^. We shall use the 
Hilbert manifold Ti.^{M) x M+ with the Riemannian metric 

(2) ((e,a),(r/,/3)>(^^^) = a/3 + /(r)(e(0),r?(0)>^(^) + <7(r) ^i^^^s), ivis))^^,) ds, 

where ^ is the covariant derivative along x{s) and /, g : M'*' are smooth positive 

functions such that max{/, g} < 2, 

fr^ ifr<i, /r2 ifr<i, 

^^^^ = \i ifr>io. ^^^) = \ie-^^ ifr>io. 

We shall discuss this choice of metric in more detail later on. Observe that this metric 
is locally equivalent to the metric obtained when f = g = 1. In particular, the set of 
differentiable functions on 7{^{M) x is the same for this metric and for the one with 

Given /c S M define the free time action functional Ak '■ 7{^{M) x ^ M by 



Ak{x,T)= f \L{x{s),^)+k 

Jo L 



T ds. 



Observe that if y{t) := x{t/T) then 

Akix,T) = AL+kiy)- 

We say that L is Riemannian at infinity if there exists R > such that L{x, v) = ^ 
if \v\x > R- In 6, prop. 18] it is proven that given a uniformly convex lagrangian L and 
A; G M, there exists a convex lagrangian Lq such that L = Lq on [E < k + 1] and Lq is 
Riemannian at infinity. In [HI Lemma 19] it is proven that if L = Lq on [E < c{L) + 1] then 
c(-L) = c{Lq). Thus if our objective is to find solutions of the Euler-Lagrange equation 
with prescribed energy, we can assume that L is Riemannian at infinity. 

Given qq, qi £ M let ^Im{qo,Qi) be the set of curves (x,r) G n^{M)xR+ with endpoints 
x{0) = Qo and x(l) = qi. Also, let Am be the set of closed curves in Tl^{M) xR"*". The sets 
^m((?o,9i) and Am are Hilbert submanifolds of H^{M) x A connected component 
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of flM{Qo,qi) (resp. Am) consists of closed curves in the same homotopy class with fixed 
endpoints (resp. in the same free homotopy class). 

A theorem of Smale jSHj implies that Ak is on H^{M) x M"*" for the metric with 
f = g = 1, and hence also for the metric (jSJ. We show in Lemma l2 . II that a critical point 
of Ak restricted to Q]\f{qo,qi) or to Am is a solution of the Euler-Lagrange equation with 
energy E = k. 

We say that Ak satisfies the Palais- Smale condition on QMiQo^ Qi) [resp. on Am] or that 
the energy level k satisfies the Palais-Smale condition on ^m{<1o^ Qi) [resp. on Am] if every 
sequence (j;„,T„) in the same connected component of ilMilOyQi) [resp. on Am] such that 
\Ak{xn,Tn)\ is bounded and lim„ ^ ^ = has a convergent subsequence. 

We shall prove 

Theorem A. 

// L is Riemannian at infinity and Ak does not satisfy the Palais-Smale condition on 
^m{Q0iQi), or on Am, then there exists a Borel probability measure //, invariant under 
the Euler-Lagrange flow, supported in a connected component of the energy level E = k, 
which has homology p{ji) = and whose (L + k)-action is zero: 



In appendix^ we give an example in which the measure obtained in Theorem IAI can 
not be ergodic. In [£l th. C] we found counterexamples to the Palais-Smale condition 
at A; = c(L), but in |Sj we didn't require the Palais-Smale sequences to be in the same 
connected component of the space of curves. Combining the arguments in 6 with those 
of Theorem \K\ we get the following Corollarv IbI The novelty is that it allows curves with 
trivial homotopy class. 

Corollary B. If L is Riemannian at infinity then Ak satisfies the Palais-Smale con- 
dition for all k > Cu{L). On VLm{%^(1i), Ac^ satisfies the Palais-Smale condition if and 
only if the Peierls barrier on the universal cover is hc^ = -\-oo. 

Another example is the lagrangian L : TID — > M on the hyperbolic disc B C C, where 
h{x,v) = ^ + rjx{v), I • la; is the hyperbolic metric and 77 is a 1-form on D whose 
differential dr] is the hyperbolic area form. In this case the Peierls barrier at k = c(L) = 
Cm(Ij) is finite (cf. 2, ex. 6.2]) and Ac^ does not satisfy the Palais-Smale condition. If M is 
a compact surface with constant curvature K = —1, the Euler-Lagrange flow of L projects 
to a (non-exact) magnetic flow on TM. At the energy level k = c„(L) the projection of 
the Euler-Lagrange flow of L is the horocycle flow^ for M which has no closed orbits. 

The idea of the proof of Theorem 1^ is the following. Let (x„,T„) be a Palais-Smale 
sequence in the same connected component of Am or Q]\f{qQ,qi). We first prove in 
Proposition 13.121 similar to [£], that if the times T„ are bounded away from and +00 
then there is a convergent subsequence. In Corollary 13.61 we prove that if qo ^ qi and 
{xn,Tn) S Om('?0)9i) then r„ is bounded away from zero. In Proposition 13.81 we prove 
that if liminf„T„ = and (x„,T„) G Am or {xn,Tn) S Qm{qo,Qo) then Xn converges to 

^When k > Cu{L) the flow is Anosov on d7r(E^^{fc}) and for k < Cu the energy level d7r(E~^{fc}) is 
foliated by contractible periodic orbits. 
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a singularity {qo,0) G TM of the Euler-Lagrange flow with zero action L(go,0) + k = 
and energy k. In this case the measure /i is the Dirac probability supported at the point 



The most delicate case is when lim„T„ = +00. Since the gradient of —Ak at (x„,r„) 
converges to zero one expects that the curves yn{sTn) '■= Xn{s) are approximate solutions 
of the Euler-Lagrange equation with average energy k. If /U„ is the probability measure 
on TM defined by 



we prove that //„ converges to an invariant probability for the Euler-Lagrange flow with 
support in the energy level k. Since the L + k action of the curves y„ is bounded and 
lim„ Tn = +00 their average action converges to zero. Since their homotopy class is fixed, 
and lim„T„ = -|-cxd, their average homology class tends to zero. 

We use the functions / and g in the definition of the metric © to deal with the cases 
lim„T„ = and lim„T„ = -|-oo. In order to justify their choice observe that by suitably 
expanding the metric near the endpoints any bounded function on the open interval ] — 1, 1 [ 
can be made not to satisfy the Palais-Smale condition. For example let il^{x) = on 
|x| < 1. Let h : M ^] — be a diffeomorphism. Then tp o h does not satisfy the 
Palais-Smale condition because lima;^-|-oo c?x(V' ° h) = 0. So, if one is going to obtain any 
conclusion from the fact that the Palais-Smale condition does not hold, one needs to use an 
appropriate metric. Since our metric is locally equivalent to the usual one with f = g = 1, 
the critical points are still solutions of the Euler-Lagrange equation and also the change 
of metric does not prevent finding Palais-Smale sequences by, say, a minimax argument. 

1.3. The mountain pass geometry. 

We show that for low energy levels eo{L) < k < Cu{L), the action functional Ak exhibits 
a mountain pass geometry on the space of loops ^M{qo,qo) and closed curves Am- This 
result is suggested by Taimanov in |32[ p. 362] for a different action functional for magnetic 
flows saying that "one-point curves form the manifold of local minima of the functional 
r. S. Bolotin (cf.p2| p. 362]) observed that the results of the papers [Tlj. |2n]. [21]. [22]. 
j23j . j31j may not be valid because the Palais-Smale condition could fail. The approach 
in this paper recovers the (a.e.)-validity of some of those results. 

Let k < Cu{L). By the definition of Cu{L), there are a closed curve {xi,Ti) G Am and 
for any qq £ 'ir{E~^{k}) a loop (x2, G Qm{qo, Qo), both with trivial homotopy class and 
negative (L -|- A;)-action. 

Proposition C. 

(1) Let go G M and k > E{qQ,0). Then there exists c > such that if T : [0,1] — > 
^M{qo,qo) is a continuous path joining a constant loop r(0) = qo : [0, T] — > {qo} C 
M (with any T > 0) to any closed loop T{1) G ^Aiiqa^qo) with negative {L + k)- 
action, Aj^^^i^i^)) < 0, then 



{qo,0). 





sup AL+kO^{s)) > 0. 
se[o,i] 
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(2) Let k > eo{L). Then there exists c > such that ifT : [0, 1] Am is a continuous 
path joining any constant curve r(0) = qo ■ [0,T] {qo} C M to any closed curve 
r(l) with negative (L + k)- action, Ai^kO^i^)) < 0, then 

sup ^L+fc(r(s)) > c> 0. 
se[o,i] 

Standard critical point theory gives contractible periodic orbits on any energy level 
eo{L) < k < Cu{L) where the Palais-Smale condition holds. Since the failure of the Palais- 
Smale condition can only be due to one direction of non-compactness, namely the time 
parameter T on Tl^{M) x M^, an argument originally due to Struwe in [22] (see also 
Struwe inni; Jeanjean and Jeanjean, Toland [14j) can be applied to the mountain pass 
geometry of Proposition B to overcome the Palais-Smale condition for almost every k. 

Previous results on higher energy levels (cf. jTJj, [H], [£]) give that E~^{k} has a periodic 
orbit for every k > Cu{L). When the energy level does not project onto the whole configu- 
ration space M (i.e. k < eo{L)) we show that the displacement energy of [E < k] is finite. 
Then by results of U. Frauenfelder and F. Schlenk [2], [23, the TTi-sensitive Hofer-Zehnder 
capacity of [E < k] is finite and so standard arguments (cf. ^2j) show that almost any 
energy level E~^{k}, k < eo{L) has a contractible periodic orbit. We summarize this in 
the following: 

Theorem D. 

(a) There is a total Lebesgue measure set A C M such that for all k € A either the 
energy level E~^{k} is empty or it contains a periodic orbit. 

Moreover, 

• The set A contains ]cu{L), +oo[. 

• If k < Cu{L) and k £ A this periodic orbit is contractible. 

• If eQ{L) < k < Cu{L) and k € A it has positive {L + k)-action. 

(b) For any qo G M, there is a total Lebesgue measure subset ]cu(L),+oo[c B C 
]E{qQ, 0),+oo[ .such that for all k £ B there is a solution of the Euler- Lagrange 
equation in ClMiQo,Qo) with energy k. 

(c) The above items hold for a .specific k £]eo{L),Cu{L)[ (resp. k £]E{qQ,Q),Cu{L)[) if 
the energy level k satisfies the Palais-Smale condition. 

As an example in appendix [Owe prove that a lagrangian with no magnetic term has a 
closed orbit on every energy level. 

Two points ^ TM, are said to be conjugate if there is r G M such that 6i = iprif^o) 

and V(6li) n dg^ipr(Y{eo)) / {0}, where V C T(TM) is the vertical sub-bundle ¥(6*) = 
kerdgiT. R. Mane asked whether if k < cq{L) there is always an orbit with energy k and 
conjugate points. G. Paternain and M. Paternain in j26j showed examples of magnetic 
flows with Anosov energy levels without conjugate points with energy k €]c„(L), co(i)[. 
At A: = Cu{L) these examples do not have conjugate points. The question remains open 
for k < Cu{L). 

In [HI p. 663] we gave an example of an orbit segment without conjugate points which is 
not a local minimizer of the free time action functional. In Proposition 19. II we prove that 
in an energy level without conjugate points every orbit segment is a strict local minimizer 
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of the action functional. Since a mountain pass critical point can not be a strict local 
minimizer we get 

Theorem E. Let em{L) = inf(^.^^)gyM -^(^^j 

There is an open subset with total Lebesgue measure A C [em{L),Cu{L)[ such that if 
k € A then there is an orbit with energy k and conjugate points. 

If em{L) < k < Cu{L) and Ak satisfies the Palais-Smale condition, then the energy level 
k has conjugate points. 

In prop. 8] and in ^ cor. 1.13] we proved that if A; is a regular value of the energy 
function E and k < eo{L) then E^^{k} has conjugate points. 
We don't know if the following holds: 
Question: Is it true that for the universal cover M, 

Cu{L) = mf{k e M I Vx, y G M 3 orbit 7 G J^m(x, y), E{-f, j) = k}? 

An exact magnetic flow is the lagrangian flow of 

L{x,v) = \ \vf^-r]^{v), 

where | • |x is the Riemannian metric of M and r/^. is a non-closed 1-form on M. Thus for 
exact magnetic flows we get periodic orbits for almost all energy levels and in particular 
for contact type energy levels, as seen below. 

1.4. Contact type energy levels. 

We now concentrate on a property that ensures the Palais-Smale condition. Let H : 
T*M — > M be the hamiltonian associated to L: 

(3) H(x,p) = max \p(v) — L(x,v)] , 

veTxM 

and let uj = dp f\ dx he, the canonical symplectic form on T*M . The hamiltonian vector 
field X on T*M is defined by ix^ = —dH. The induced hamiltonian flow is conjugate to 
the lagrangian flow of L by the Legendre transform C : TM T*AI, C{x,v) = Ly{x,v). 
The energy function satisfies E = H o C, so that energy levels for L are sent to level sets 
oiH. 

An energy level S = H^^{k} is said to be of contact type if there exists a 1-form A on 
S such that dX = a;|rE and X{X) ^ 0. We call such a form A a contact-type form for S. 

Proposition F. // [H = k] is of contact type, dimM > 2 and 

• M / or 

• M = 7"^ and k^ [eo,co], 

then Ak satisfies the Palais-Smale condition. 

In Section |2l we introduce the space of curves with free time interval and the action 
functional and compare various metrics on the space of curves. In Section |21 we prove 
Theorem EI In Section |1] we prove Corollarv IbI In Section El we prove Proposition IHl on 
the mountain pass geometry. In Section El we prove some results in Morse theory that 
we need and the relative completeness of the gradient flow of the action functional. In 
Section |3 we give the argument to overcome the Palais-Smale condition in a mountain 
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pass geometry for the action functional. In Section IHl we prove Theorems O and El and 
in Section we prove Proposition El In Appendix ^ we give an example in which the 
measure of Theorem A can not be ergodic. In AppendixElwe show energy levels of non- 
contact type. In AppendixOwe prove that non-magnetic lagrangians have periodic orbits 
on every energy level. 

The author wishes to thank Patrick Bernard that suggested the possibility of using 
Struwe's argument in our situation. 

2. The action functional and the space of curves. 

Given a Riemannian metric on M, by Nash's Theorem there exists an isometric embed- 
ding of M into some . Let 

n.^ := ^^(M^) := I C : [0, 1] ^ absolutely continuous \i(s)\^ < +oo } 

be endowed with the metric 

{i.r,)w ■■= (e(0),r/(0))+ [\m,v{s)) ds. 

Jo 

The corresponding norm is given by 

uwn^ ■■= \m\'+ tmi'ds. 

Jo 

On TL^ X we shall use the Riemannian metric 

(4) ((e,«),(r/,/3))(,,r) =a/3 + /(T)(e(0),r/(0))+<7(T) l\i{s),v{s)) ds, 

where / and g are smooth positive functions such that max{/, g} < 2, 

ffr) = l^' 'f^S^' and .(r) = |f 

•'^ ^ |l ifT>10. ^ ^ \^e-^^ ifr>10. 

Let C{t) ■■= S.{t/T), 0<t<T. Then i{t/T) = T ■ ({t) and 



\asrds = T. / m\ut. 

Jo 

In the variables (C, a) the Riemannian metric above is written as 

«)II(.,T) =»' + T' m\' + f \C? dt if T < 1, 
(5) ^\ 

\mc.)\\l,T)=<^' + m\' + e-'^' I \C\'dt ifT>10. 

This metric is locally equivalent to the metric of the product Hilbert space Tl^ x 
Given qo,qi G M, let 

^{qo, qi)- = { {oo, T)en^ xR+\ x(0) = qo, x{l) =qi}, 

A: = {{x,T)en^xR+\ x{0) = x{l) }. 
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Their tangent spaces at (x, T) are given by 

T(^,,T)^{qo,qi) = {{ta)en^ xR\ ^(0) = ^(1) = }, 

7^(x,T)A = {{^,a)en^ xR\ e(0) = }. 

Endow r2(go,(?i) and A with the Riemannian metric @. 
Let 

n\M) :={xe n\R^) I x([0, 1]) CM}, 
^M{qo,qi) :=n{qo,qi)nn\M) x M+, 
Am := AnW^(M) x R+. 

Then Wi(M)xM+, nM{qo,qi) and Am are Hilbert submanifolds ofWi(M^)xM+, n{qo,qi) 
and A respectively. A connected component of Am is given by closed curves in the same 
free homotopy class. A connected component of 17^/(90) 9i) is given by the curves (x,T) 
in flM^qo, qi) which have a given homotopy class with fixed endpoints. 
On n\M) X M"*" we shall use the intrinsic Riemannian metric defined by 

(6) {{C,a),{7^,P))^^^^^ := aP + f{T) m,m).(0) + 9{T) /' (£^(5), ds 







where (•, ■)x is the Riemannian metric on M and £ are covariant derivatives. Since 
M is isometrically embedded into M.^ , the covariant derivative ^£,{s) = P(^(s)) is the 
orthogonal projection P : T^M^ T^M of the derivative ^{s) taken in M^. Thus the 
norm in TC^{M) x R+ is smaller than the induced norm from (M^) x R+. Formulas 
analogous to © hold for the norm on Ti.^{M) x R+. We also want to compare the metric 
on n^{M) X M+ with the metric induced by n^{R"^) x M+ on a local chart M"^ D U ^ M. 
In Lemma 12.21 below we shall prove that the three norms are locally equivalent. 

Given A; G M, define the action functionals Ak ■ ^Miqo,qi) — *■ ^ and Ak ■ Am ^ M of 
L + A; by 

1-1 

Akix,T)= / T L{x{s),^) +k ds. 
Jo L J 

Writing y{t) := x{^), <t <T,we have that 

Akix,T)= [ [L{y,y) + k] dt=: AL+kiy)- 
Jo 

We say that a lagrangian L is quadratic at infinity if there is i? > 0, a 1-form 6^ on 
M and 0,-0 G C°°(M,M), a > 0, such that L{x,v) = ^a{x) \v\l + 6x{v) + Tp{x) for all 
I^^U — where \v\x is the Riemannian norm of v in TM. 

We say that L is Riemannian at infinity if there exists R > such that L{x, v) = ^\v\x 
for all \v\x > R- Since we are assuming that M is isometrically embedded in M^, this is 
equivalent to L{x,v) = ^ |fp for \v\ > R, where \v\ is the euclidean norm of v and {x,v) G 
TM C M'^ X M'^. In a coordinate chart such a lagrangian is given as L{x, v) = v*G{x)v, 
when \ v\ is large enough, where G{x) is the matrix of the Riemannian metric in the chart. 
Then in coordinate charts L is quadratic at infinity. 
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It follows from a result of Smale |2H] that if L is Riemannian at infinity then the action 
functional Ak is on 'H^(M) xM"*" with the metrics with f = g = 1. Since the Riemannian 
metrics © are locally equivalent to the metrics with f = g = 1, then Ak is on 
^m{qo,Qi) and on Am, with respect to all three Riemannian metrics. 

The derivative of Ak is given by 



(7) 



d{x,T)-Ak{^,a) = I T f)C + L„ (x, f) ij ds + a [ [k - E {x, ^)] ds 

Jo ^ ^ Jo 

= Lx{y,y)C + L^{y,y)C dt + - [k - E{y,y)] dt, 



where y{t) = x{^), C{t) = ^{^) , iov < t < T and E : TM M, 

E{x, v) = V L^{x, v) — L{x, v) 

is the energy function. The formulas Q can be interpreted either in local charts with 
usual derivatives or in covariant derivatives. In the former case, 

Lx C = {"^xL, Ox(s) and L^^ = (V^L, ^Ox(s), 

where VxL and V^L are the projections of the gradient of L to the splitting Ti^^^^-^TM = 
H ®V and £^ is the covariant derivative of ^. The splitting TqTM = H{e) V{e) is 
described on page HUJ 

Fix Ci > we say that f : U G M™ ^ M is a bounded chart if / is an embedding such 
that the pull-back f*g of the Riemannian metric has matrix G{x) such that G and 
have norm bounded by Ci > 0. Fix a finite atlas of bounded charts U = such 
that each Ui C M"* is a convex set. 

We fix some constants used repeatedly. Observe that the property of being quadratic 
at infinity is invariant under transformations by bounded charts. The following constants 
are taken to hold in any bounded chart of our finite atlas, i.e. in equations (|5])- (|llj) below 
the same constants are assumed to hold when the norm | • l^, is interpreted as either the 
riemannian metric on M, the euclidean norm on R-^ D M or the euclidean norm on any 
bounded chart Ui C M'" of our atlas. The norms \Lx\, \Lxv \ are interpreted as the euclidean 
norm in any bounded chart Ui 

Since L is convex, 

(8) ao := mf --75 > 0. 

{x,v)€TM \v\^ 

Since L is quadratic at infinity there are ai, 02 > such that 

(9) L{x,v) > ai — a2, for all {x,v) G TM. 

(10) := sup ||L„„(x,f)||^ < +00, 

{x,v) 

(11) hi := sup lldxV'lL' where ii{x) := L{x,0), 
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Since L is quadratic at infinity, 

\Lx{x,v)\ 

{x,v)iTM 1 + \'v\x 



(12) b2:= sup < +00, 



/10^ J, ^a;i;(a^)V) ^ , 

(13) 03 := sup j— — < +00. 

2.1. Lemma. If {x,T) € ^MiQo,Qi) [resp. {x,T) £ Am] is a critical point of the action 
functional Ak ■ ^MiQo,Qi) — > ^ [resp. Ak ■ Am — > M] then the curve y : [0, T] ^ M, 
y(i) := x{t/T) is a differentiable solution of the Euler- Lagrange equation ^L^{y,y) = 
Lxiy,y) with y(0) = qo, y{T) = qi, [resp. {y,y) is a closed orbit of the Euler-Lagrange 
flow] with energy E(y,y) = k. 

Proof: Cover the image y([0,r]) by images Ui C M of charts Ui £ U, Ui C M™". It is 
enough to prove that y is a solution of the Euler-Lagrange equation on each intersection 
y([0,r]) n Ui. Assume for a while that y([0,T]) C Ui C M™'. Using the same notation as 
in 0, we have that 

(14) d^,^T)M^,0)= [ [L,{y,y)C + L,{y,y)C]dt 

Jo 



Lx-C|o + f [Lv{y,y)-'i^x{t)]-Cdt 
Jo 



= 0, 

where L^.(t) := Lx[y{s),y{s)) ds. Since Lx{y,y) < &2(l + |y|x) and x E:Tl^{M), we have 
that Lx{y,y) G £^([0, T], M*") and that L^ is continuous in view of Lebesgue's theorem. 
Since for both Am and r2M('?0) Qi) we can choose C(0) = C{T) = 0, 

rT 

[L^{y,y)-L^it)]-Cdt = 



for all C G C^{[0,T],M."') with Jq ( dt = 0. 

This implies that Ly{y,y) — hx is constant a.e. in [0,T]. Since L^(t) is continuous, it is 
bounded on [0, T]. Since L is superlinear and is bounded, y is bounded by a constant 
almost everywhere. Since L is convex, v 1— > Ly(y,v) is a continuous bijection. Hence we 
can uniquely extend y to [0,r] so that L^{y,y) — is constant on all t G [0,T]. Since 
L^(t) is continuous, Ly(y,y) is also continuous and hence y{t) is continuous. 

We have that 

(15) L^{y{t),y{t)) =A+ [ Lx{y,y)dt 

Jo 

for some constant A G M"*. Since y{t) is continuous, the right hand side of (|15j) is 
differentiable and 

Tt^^iy^y) = Lx{y,y)- 

Hence y{t) is a differentiable solution of the Euler-Lagrange equation. The theory of 
ordinary differential equations implies that y is C' if L is C^"*"^. 
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Since y{t) is a solution of the Euler-Lagrange equation, its energy E{y(t),y(t)) is con- 
stant. Since 



dT 



(x,T) 



^ [ [k-E{y,y)] dt = 0, 
^ Jo 



J^iViV) = This completes the case of Qm{qo, Qi)- 

For the case of Am it remains to prove that y{0) = y{T). Choose a chart Ui <Z U 
whose image contains y(0) = y{T) and restrict ourselves to vector fields Q over y with 
support in the connected component of y([0,T]) n Ui containing y(0). Since we already 
know that (y, y) is a differentiable solution of the Euler-Lagrange equation, integrating by 
parts in (|14() we have that 

^(.■,T)A(e, 0) = + / {Lx - Tt^v) C dt 

Jo 

= [L,{y{T),y{T)) - L,{y{0),m)] ■ m + 

whenever C(0) = C{T) G R™. Then L,{y(T),y{T)) = L„(y(0), y(0)) . Since y(T) = y{0) 
and f I— > Ly{y{0),v) is injective, y(r) = y(0). 

□ 



The following lemma shows that the intrinsic Riemannian metric || • H^^-p^ given 

by © on TL^{M) x M"*" and the induced metric from Tl^{W^) x M"*" are locally equivalent. 
Also the metric on H^{M) x M+ and the metric on H^CR"^) x M+, m = dimM on a 
bounded coordinate chart are locally equivalent. 

2.2. Lemma. 

(1) Given Ai,Ti > 10, i/iere exists B = B{Ai,Ti, k,{f, g}) > such that 

if{x,T) e n^iM) X M+, |A(x,r)| < Ai and T < Ti, then 
for all (^, a) G T(^^^T)^M{qo, qi) U T(^^^t)^m, 

(16) B ll(C>«)ll(x,T) ^ IK^'«)ll(x,T) ^ IK^'«)ll(x,T) 

(2) Let ip : U <Z M he an immersion such that the pull-hack tp* gM{v,w) = 
V* G{x) w of the Riemannian metric on M has matrix G{x) which is hounded in 
the C^-norm: 



max 



For all Ai,Ti > 10 there exist B = B{Ai,Ti,Ci,k,{f,g}) > such that 
if{x,T) e n^{W^) X M+, \AkiiJox,T)\ < Ai andT < Ti, then 
for all {d^i) o a) G T(^r,^T)^M{qo, Qi) U T(^^^t)^m, 

1 life M|WHK™)xR+ , ||. , , ^ ■>||Wi{M)xR+ , „ ||.^ x||-Hi{R'")xR+ 
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Proof: (1). Let y{sT) := x{s). Then 



(17) 



(18) 



Ai>AL+k{y)> / {ai\y\l - a2 + k) dt = ai / \y\l dt - {a2 - k)T, 
Jo Jo 

Ai + {a2-k)T 



\m\l dt < 



ai 



T 



x{s)\ids = T \m\tdt<T 



Ai + (02 - k)T 



ai 



Let T(s,r) : T^(^-)M — > T^^^^-^M be the parallel transport along x{s). Then 

^s) = T(s, 0) • m + r r) ■ %i{r) dr. 
Jo 



Thus 



|C('S)L(s) < l^(0)U(o) + ||£^||£i([o,l]) ^ l^(0)L(0) + ll£^ll£2([o,l]) 



< max 



V2 m,o)^i^^^^ 



(19) 
where 



< V2 max{T-\a-i,r,^e2^^} mM^^^^i^T 



Observe that for ^, r/ G TI^M the first and second terms in @, Q are equal, so we only 
have to bound the norm of the derivatives ^ and 

Let f7 be a small tubular neighbourhood of M in R-^ and let F : U — > M be the 
orthogonal projection onto M. Since ^(s) G Tx(s)M, we have that dx(s)F ■ ^(s) = ^(s). 
Differentiating this equation with respect to s we get that 

dl^,^F{±is),C{s))+d,^,)F.i{s)=as). 

The second term is the projection of to T^M: 

d^is)F-i{s)=^-i{s) = %i{s); 
and the first term is the projection of ^ to the orthogonal complement T^M-^ of TxM: 

t{s) ■.= d\^^F{x{sli{s)). 

Let ci := sup^g^^ then using (|18|) and (|19j) we have that 



9{T) / |^^(s)|2 < g{T) / ci |x(5)|2 |e(s)p ds < ci ^(T) ||d 



|i;(s)p ds 



< ci min{2r^2} 2 max {T^^ a~\ Ti e^^' } ||(^,0)|| 





\{x,T) 



Ai + {a2-k)T' 



ai 



(20) 



ll(e,o)|| 



Wi{M)xR+ 

(x,r) 
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where 

Bi=Bi{Ai,ai,a2,Tuk,{f,g}) := m 



Ai + {a2 + \k\)Ti 
«i 



max |a ^,Ti e^"^i } . 



Observe that the bound ci Bi above holds for all < T < Ti. 
Since ^ = P ^ + , we have that 



9{T) llell^, < giT) 



|2 



|Hi(M)xIR+ 



<9iT)\\^Ml^ + c,B, [ii(e,o)ii;,^^) 

Then, for all < T < Ti, 

{c,a)CP''^']'<[i+c,B,] [ii(e,a)iij;(-)x«^; 

P < then II 1 1 £2 ^ IklLa- This implies the second inequality 



Since 

in 

(2). We have that 



tjk 



where the r^^(x) are the Christoffel symbols for the Riemannian metric of M in the 
coordinate chart ip~'^ and is the k-th. vector of the canonical basis of M"*. Our hypothesis 
on tp implies that C2 = C2(Ci) := ^^Pijk.xeu \ is finite. Then 

|£e|<|e(^)| + v^iieiioo \Hs)\. 

Similar calculations as in ()19() and ()2U() using ^ in ()19() instead of the covariant derivative 
show that if < T < Ti, then 

g{T) ||£e||^,<25(r)||e||^2 + 2c2i?2 (||(C,0)||^Jf ^x''"'' 

where B2 := -Bi(Ai, ai, 02, ^i, fc, {/, ^r}) and ai, 0,2 are constants such that the inequal- 
ity Q holds in our coordinate system ip for the euclidean metric in [/ C M™ instead of 
the riemannian metric | • on M. Then, if < T < Ti, we have that 



(H^{M)xl 
\{x,T) 



<V2[i+c2B2Y m.o^)\\Z 



Hi(R'")xI 
(x,T) 



Now write 



i{s) = §^i-Y.r%{x{s))xi{s)i,{s) efc, 

ijk 



The same calculations as in (|19() and H2U|) give 



|Hi(M)xK+ 



And then 



g{T)\\i\\'^,<2g{T) || ge||^2 + 2 C2 i?2 (ll(^,0)||5>^ 

ll(^,a)ll(^T) <V2[1+C2 52j' ll(?'«)ll(xT) 



□ 
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In the next lemma, we write d for the distance (i->ii(M)xR+ on fluiQo, Qi) or on A^- 

2.3. Lemma. Given Tq > there exists C = C{Tq) > and e = £{Tq) > such that 
if T £ [ytjTq], {x,T), {y,S) € ilAf((?o,gi) U Am and d{{x,T), {y, S)) < e then for the 
Hausdorff distance dn induced by the Riemannian metric, we have that 



dH{xi[0, l],y{[0, 1])) < C d{{x, T), {y, S)) . 



Proof: Let 



As :=4 maxjyiy, ^\tG [^^,2To\ }, 

where f{t) and g{t) are as given in the definition of the Riemannian metric on 7Y^(M). 
Let < £o < 1 be such that 



^-2eo> ^ and Tq + 2eo < 2To. 



To 



Let < £ = e(To) < £o and write 6 := d(^(x,T), (y,S)) < e. There is a curve r(A) 
{zx,Tx), A G [0,1], from {x,T) to {y,S) in Om(q'0)9i) or in Am such that 



length(r)= r||^r(A)|| dX<2S. 
Jo 



We can reparametrize T so that the norm of its tangent vector is constant: 



mm 



dTx 



dX 



dzxiO) 



+ 



Jo 



zx\ , . ds < AS^. 



Since \Tx - T\ < d{r{X), {x,T)) < 25 < 2eo then S = Tx=i, Tx, T G 2To]. Hence 



(21) 



dX 



dzxiO) 

Jo 



^a(o) 



<^3<5^ for A e [0,1], 



^Mzx{s) dsKA^S^ for AG [0,1]. 



Let 

2 Jo OX ^^(5) 
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From ((211), 1-^(0)1 < ^3 We have that 



F{s) - F(0) = / iFis) ds 



^0 




JO 



^ ' D d 

—zx{s),j-tZx{s)) dX ds 



\F{s)-Fm < 



ff 

'0 Jo 



D 



ds dX 



Write 



F{s)<A3 6^ + ^/2As6 



u{s) :-- 



dX 

2 / F{s) ds 

F{s) ds 



ff 

10 Jo 



dzxis) 



dX 



dX ds 



F{s) ds 



Then 



iu{s)^ <As5^ + 5^/2A'3 u{s). 



Let to := sup{ t E [0, 1] | u{s) < V2A^6 (s + i), Vs G [0, t] }. Then 

£uisf <As6^ + 2As6^{s + l) ifsG [0,to], 
< 2^352 (s + i) ifsG[0,to]- 
u{sf < 2^3(5^(is2 + s), 



(s) < V2I35 Jis2 + s ifsG[0,to]. 



Since •>/ is^ + s < s + i for ah s > 0, we have that to = 1. Hence, for all s G [0, 1], 



F{s)<A3 6^ + ^/2A3 5u{s) 



< yls 52 _^ 2 A3 (5 



2 /3 



We have that 

dMiyis),x{s)) = dM{zi{s),zo{s)) < 
for all s G [0, 1]. This implies the lemma. 





dzx{s) 


Jo 


dX 



dX < yj2F{s) <C 6. 



□ 
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3. The Palais-Smale condition. 



In this section we are interested in the validity of the Palais-Smale condition for the 
action functional Ak on a connected component Jli (resp. Ai) of i^M{Qo,Qi) (resp. Am)- 



Theorem ^ 

// L is Riemannian at infinity and Ak does not satisfy the Palais-Smale condition on 
iljv/(go, gi), or on Am, then there exists a Borel probability measure /x, invariant under 
the Euler- Lagrange flow, supported in a connected component of the energy level E = k, 
which has homology = and whose {L + k) -action is zero: 



Ai+kip) = j [L + k\diJi = Q. 



Proof of Theorem ^ 

Let {xn,Tn) be a sequence in a connected component Qi of ^Im{qo, Qi) (resp. Ai of Am) 
such that 

\Ak{xn,Tn)\ < Ai and < i. 

Assume that {xn,Tn) does not have an accumulation point in ^m{(1o-,(Ii) (resp. Am)- 
Then Proposition 13.121 implies that either liminf„T„ = or limsup„T„ = +oo. 

If limsup„T„ = +CX), Proposition 13.131 implies the thesis of the theorem. So assume 
that liminf„T„ = 0. 

If {{xn,Tn)) C ^m{qo,Qi) with qi / qo then Corollarv 13.61 shows that liminf„T„ > 0. 
This contradicts our assumption. Hence go = Qi- If either {{xn,Tn)) C ^m{qo,Qi) with 
Qo = Qi or {{xn,Tn)) C Am, then Proposition 13.81 and Remark 13.91 implv the thesis of the 
theorem. 



□ 



3.1. Preliminary lemmas. 



3.1. Lemma. If L is convex and quadratic at infinity, then 

i ao \v\l + e^{v) + ij{x) < L{x, v)<^Ao \v\l + Oa^iv) + V(x), 
— V'(a;) + ^ ao l^^l^ < E{x, v) < —■ip{x) + ^ ^o blL 
where 9x{v) := Ly{x, 0) • v and ip{x) := L(x, 0). 

Proof: Let Lo{x,v) := L{x,v) - O^iv) - V'(x). Let f{t) := Lo{x,tv). Then /(O) = 0, 

dL 

dtp 



/'(O) = and f"{t) = v ■ ^{x,tv) • v, so that ao \v\l < f"{t) < Aq \v\l- Hence 



Lq{x,v) = I I f"{s)dsdt> I 1 ao l?^!^ (it > i ao |f I 
Jo Jo Jo Jo 



< hAnlvll. 
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Now let g{t) := E{x,tv) = tv ■ Ly{x,tv) — L{x,tv). Then g{0) = —ip^x) and g'{t) = 
t V ■ Lyv{x,tv) ■ V, so that tao|f|^. < g'{t) < tAo\v\'^. Therefore, 

E{x, v) = g{l) = g{0) + / g'{t) dt > -i^{x) + i ao \v\l 

Jo 

< -^{x) + ^Ao\v\l. 

n 

Let A > be a Lebesgue number for our finite atlas U = {f/?} of bounded charts. 

3.2. Lemma. Suppose that L is quadratic at infinity. 

If Ui £ U , x,y £ Ui and dM{x,y) < A then in the chart Ui we have: 

(i) [Ly{x,v)-Ly{y,w)] ■C + b3{\v\ + \w\ + l)\C\\x-y\+Ao\C\\v-w\ > 0. 

(ii) ao \v — < [Ly{x,v) — Ly{y,w)] ■ (v — w) + [\v\ + \w\ + l) \v — w\ \x — y\. 

Proof: Recall that the domains Ui C are convex. We work in local coordinates as if 
L were defined in TUi C R^". 

1 

C • Lyy (t {x, v) + {1- t) {y, w)) ■ {v -w) dt = 

= {Ly{x,v) - Ly{y,w)) ■ C 
»i 

C • L^v {t {x,v) + {1- t) (y, w)) ■ (x-y) dt. 
This implies ((ij) . Using C = v — w one gets ^ . 

n 

3.3. Lemma. Let C := C°°([0, 1], M) x M+. 

The subsets C n ilMiQo, Qi) o^nd C H Am are dense in Qm{qo, Qi) and Am respectively. 

Proof: We prove the lemma for ^}m{qo,Qi)- The proof for Am is similar. Let A > be a 
Lebesgue number for our finite atlas U. 

Suppose first that length(x) < A. Then the image of x lies inside of a domain of a chart 
Ui£U and by lemma [Owe can assume that M = ^7^ C M". Extend x : [0, 1] ^ M to M 
by setting x{t) = x{0) for t < and x{t) = x{l) for t > 1. Then the extension is also in 
the Sobolev space VF^^f see §4.1]. Let r? G C°°(M,M) be 

'Cexp(^) if|t|<l, 
^0 if|i|>l, 

where the constant C is chosen such that f^rj dt = 1. For e > let := ^ vis)- Define 



:= / ??e(s — t) x{s) ds. 
Jr 

Then [81 §4.2.1], x"^ G C°°(M,M™), x^ ^ x uniformly on compact subsets and i"^ 
/:2([0,1],M'"). Let 

y'is) := x%s) + (1 - s) (x(0) - x^(0)) + s(x(l) - x^(l)) . 
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Then {y^,T) G i^MiQo,Qi) H C. Since lim,T^(0) = .x(0), limx^(l) = x{l) and x'^ ^ x in 

C^ilO, l],W^) we have that hm(i/^r) = (x,r) m JlA/(go,gi)- 

Now assume that length(x) > A. Let = so<si<---<Siv = lbe such that 
length(x|[5._^^s.]) < |. Let Xi{t) = x[si + t (sj+i — Si)), t G [0,1]. For each i do the 
construction above and obtain a C°° curve yi with the same endpoints as Xi and which is 
near Xi in li}{M). The curve y = yi * • • • * Vn-, appropriately defined in [0, 1], is piecewise 
C°° and is near x in 7i^{M). Let = sq < ^i < Si < ^2 < • • ■ < ^iv < sat = 1 be such 
that length(?/|[j^. (^.^j]) < |. Then y\[tj,tj+i] is in the domain of a chart Uj C and it is 
in neighbourhoods of tj and tj+i. Let = y[tj + s (tj+i — ij)), s G [0,1]. Let 

Cj : [0, 1] Uj be a curve such that cj = Zj in neighbourhoods of and 1. Extend 
(zj - Cj) to M by setting {zj - Cj)(s) = if s G R \ [0, 1]. Then (zj - Cj) is C°°. Let % be 
as above and let 

Wj{t) := / r]e{s -t) ■ {zj - Cj){s) ds. 
Jm. 

Then w"^ G C°°(M,M'") and w"^ is near {zj - Cj) in rO-{W^). Since (z^ - Cj) = in 
neighbourhoods of and 1 and supp(%) C [— £, e], if e is small enough then = Q m. 
neighbourhoods of and 1. Let 

z'j{t):=Cj{t)+w'{t), tG[0,l]. 

Then z| is C°°, it is near Zj in Ti}(^"'') and coincides with in neighbourhoods of and 
1. Let := ?/|[o,ti] *zi* - ■ ■ *zn-i *y|[tjv,i] appropriately defined on [0, 1]. Then z*^ is C°°, 
and {z^,T) is near {x,T) in riM(q'0)9i)- 

□ 



3.4. Lemma. Suppose that the injectivity radius of M is larger than 2. There is K > 
such that if ^ : [0, 1] ^ M is a geodesic with |7| < 1 and J is a Jacobi field along 7 then 

max { \J{s)\, \J'{s)\, \J"{s)\ } < K [| J(0)| + | J(l)| 

se[o,i] ' I ■ 

Proof: 

We first prove that there is Kq > such that if J is a Jacobi field along 7 and J(0) = 
then 

\J{s)\<Ko\Jil)\. 

Suppose that Kq does not exist. Then for all N G N"*" there is a geodesic : [0, 1] — 

M with |7Ar| < 1, a Jacobi field Jn along 'jn with JAr(O) = 0, and sn G [0,1] such 
that \Jn{sn)\ > N l<^iv(l)l- Since M is compact, taking a subsequence of {sn) we can 
assume that the limits sq = lim^vSAr € [0,1], (x,v) = lim^v (7Ar(0), 7Ar(0)) G TM and 

lim^J^^^erM exist. Since Jacobi fields are the projection of the derivative of the 
\Jn{sn)\ 

geodesic flow, which is C^, the map u 1— /^/^\| converges to a Jacobi field I(u) along 

\Jn{sn)\ 
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the geodesic S{u) with (6{0),6'{0)) = {x,v) such that /(O) = and 



|/(1)| = hm 



l^iv(l)| 



< Um 



\JNil)\ 



Also, 



N \Jn{sn)\ ~ N N\Jn{1)\ 
Jn{sn)\ 



= 0. 



|7(so)| =Um 



N |Jjv(s7v)| 



1. 



Then / is a non-trivial Jacobi field along a geodesic S of length \v\ < 1, which is zero 
at the endpoints. Therefore the geodesic S has conjugate points. This contradicts^ the 
hypothesis that the injectivity radius of M is larger than 2. 

Now let J be any Jacobi field along 7. Let A{s), B{s) be the Jacobi fields along 7 
satisfying A(0) = 0, ^(1) = J(l) and B(0) = J(0), B{1) = 0. Since length(7) < 1 and 
the injectivity radius of M is larger than 2, the geodesic 7 has no conjugate points. This 
implies that such Jacobi fields A and B exist. 

By the estimate above \A{s)\ < Kq | J(1)|. Considering the Jacobi field B{s) := B{—s) 
along the geodesic 7(5) := 7(— s) we get that |i?(s)| < Kq |J(0)|. Since J(s) = A{s)+B{s), 
we get that 

\J{s)\ < Ko [| J(0)| + I J(l)|] for ah s G [0, 1]. 

Since I7I < 1, from the Jacobi equation J" + R{'y, J) 7 = 0, we get that 

|J"(^)|<6|J(^)|<6i^o(|J(0)| + |J(l)|), 



for some b = h{M) > 0. 
We have that 



J(l)-Ti- J(0) = CTs-J'{s)ds, 
Jo 



where : r^(o)M — T^f^g-jM is the parallel transport along 7. Then there is sq G [0, 1] 
such that |J'(so)| < |^(0)| + |J(1)|. Therefore 

\J'is)\<\J'{so)\+ f\J"{u)\du 

J so 

<|J(0)| + |J(l)|+6Ko(|J(0)| + |J(l)|), 
Now take K = max{Ko, 1 + bKo}. 

□ 



When V = and 5 is a constant geodesic, the Jacobi equation along 5 is J" = 0, which has no conjugate 
points. 
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3.2. Palais-Smale sequences. 

During the rest of this section Tn) will be a Palais-Smale sequence. This is, {xn, Tn) 
will be a sequence in a fixed connected component of Am or Qm{qo,Qi) such that 

\Ak{Xn,Tn)\ < Ai and lr(^^n,T„)A||(^.^^'^^^) < 

Also, L will be a convex lagrangian on a compact manifold M, Riemannian at infinity. 
Write Unit) := Xn{t/Tn), <t < Tn- As in ((2)) we compute 

dix„,T„)MC,a)= [ [L^ixn,^)^ + L^{x,^)4;^]Tnds + a [ [k - E{xn, ^)] ds 
Jo Jo 

(22) =/ [Lx{yn,yn)C + Lv{yn,yn)C] dt + — / [k - E{yn,yn)] dt, 

Jo Jo 

where C(t) :=C(t/T„). 

3.5. Lemma. There exists B = B{k, Ai, A2) > such that if Xn G Tl^{M), 
Akixn,Tn) < Ai and Tn < A2, t/ien 

7^< / \yn\^dt=— / |i„|2ds<B, 
-iji JO Jo 

where in '■= length(x„) and yn{i) = Xn{t/Tn). In particular if Tn — > 0, then lim„£„ = 0. 
Proof: Using ©, 

Ai > Ak{Xn,Tn) = Ai+kiyn) > «1 / Ulnf ds - (a2 + \k\)Tn, 

Jo 

Let in '■= length By the Cauchy-Schwartz inequality, 

- ' I \yn\ dt] <Tn- / \yn?dt. 



□ 



'0 / JO 

The inequalities above imply the lemma with B = \ + [^1 + (02 + |A;|)A2] 



3.6. Corollary. If{xn,Tn) £ i^M^Qo^Qi); Qo Qi c-i^d Ak{xn,Tn) < Ai, thenTn is bounded 
away from zero. 

3.7. Corollary. // Ai is a connected component of Am with a non-trivial free homotopy 
class, then for all Ai > 0, 

inf { T > I (x, T) G Ai, Ak{x, T) < Ai } > 0. 

Proof: 

Since M is compact, inf{ length(x) | {x,T) G Ai } is positive. Now use Lemma l331 

□ 
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3.8. Proposition. 

// a sequence ixn,Tn) £ Am satisfies Ak{xn,Tn) < Ai, A|| < ^ and Tn 0, 

then there is qq £ M and a subsequence x„. such that qo = linij a;„. (s) for all s £ [0, 1] and 

(i) limiAkixn,,TnJ = 0. 

(ii) (go ) 0) is a singularity of the Euler- Lagrange flow. 

(iii) E{qo,0) = k. In particular k < eo{L). 



(iv) lim — - 



|x„.(s)| ds = 0. 



In particular, the Dirac probability measure supported on {qo,0) is an invariant mea- 
sure, supported on the energy level E~^{k}, whose [L + k)-action is zero and has trivial 
homology. 

Also, the (singular) energy level E = k does not satisfy the Palais-Smale condition. 

3.9. Remark. Proposition 13.81 will be applied to sequences in Am and also to sequences 
in ^m{<1q-,<1i) with qi = q^. This means that is to be understood as the norm of 

the derivative restricted to the subspace r(^^^r„)r2(x„(0), x„(l)) C T(^x^^t„)^m 

given by variational vector fields which are zero at the endpoints. 

Proof: 

Assume that 1 > — > 0. Let in '■= length(y„). By Lemma l33| we have that lim„ = 
0. Since M is compact, taking a subsequence, we can assume that lim„y„(0) = qq G M. 

Since lim„£„ = and lim„y„(0) = qo, we can assume that all the curves y„ are in the 
domain Ui C M'", m = dimM of a bounded chart Ui £ lA. By lemma l2?2l we can assume 

< ^ for all n. From now on we work 



i)xR+ 



that on the chart Ui we have ||d(x„,T„)-4fc||^i^TOm-i 
on the chart Ui as if M = M™. 

Let i{s) := Xnis) - x„(0). Then ^(0) = ^(1) = 0. Observe that^ (^,0) E T(^.„,r„)^M. 
Let (it) := i{t/Tn), t G [0,T„]. Then C(0) = C{Tn) = 0, ((t) = Using ®, we have 

that 



1 

< - 

n 



ICP dt 



1 

2 

~ n 



|ynP dt 



Using Lemma l3. 21 (jn]) with if = 0, we get that 
(23) Ly{x, v) ■ V > Ly{y,0) ■ V - 63 \v\ \x - y\ - 63 |t>p \x - y\ + oq |t>p, 

for all {x,v) £ TUi. Using inequality with {x,v) = {yniVn) and y = yn(0), we get 



Lx{yn, yn)-C + LviVn, Vn) ' C 



dt. 



'Since ^(0) = ^(1) — this tangent vector is also in T(^^^^T„)^M{q, 1), where q = a;„(0) = Xn{l). 
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Tn 

n 



\yn? dt ' > -62 / [1 + |y„P] \yn - 2/„(0)| dt + 0j,„(o) • / Vn dt) + 







-f'Sy |?/n| |yn - yn(0)| (it - 63 / | ifn P | - 2/n (0) | + 







> -b2inTn + 0-b3 



pTn j-Tn 

{h + h2)ln / \yn? dt + ao / 
JO Jo 



n\ dt , 



where 6x ■= L^(x,0) and 62 is from ((T^ . 

Dividing the last inequahty by T„ we have that 



£2 



(24) -62 - ^3 7^ + h - (63 + b2) I 



1 Z""^" 



Jo 



< 



|yn|^ dt 



Since ^fc(x,i,T„) < Ai, from lemma r?31 in the chart Ui we get 



limsup-^ < limsup / |ynP (it < +00. 

n Jn n Jo 



From ()24() and lemma 1531 we get that 



(25) 



limsup-^ < limsup— / \yn\ dt < +00. 



n J^n Jo 



Since lim„ T„ = 0, we get that 



(26) 



lim£„ = 0, lim = 0, lim / |y„p dt = and — / |ynP dt is bounded 



\yn\'^dt = 0. 



Hence, from inequalities 1)25^ and (|24() . we get that 



lim sup 



JO 



\yn\ dt 



'-n Jo 



1 



limsup-^ < lim 



Changing variables in the integral, this proves item (|iv)) . 
(0). By lemma rm for all {x,v) £ TM 

\L{x,v) + k\<lAo \v\l + \9,{v)\ + \ijix)\ + \k\. 

Then 



|^fc(xn,T„)| < i Ao / dt + 4 sup ll^a;!! +T„ 



\k\ + sup |'(/'(3;) 



Hence lim„ ^fc(x„,, T„,) = 0. 

(jn)). Let h : [0,1] [0,2] be a smooth function such that h{0) = h{l) = and 
/(J his) ds = 1. Let ^(s) := /i(s) (iV(^n(0)) G M™, s G [0, 1] and ((t) := ^(t/r„). We have 
that 

rTn r- -, 
(27) • (C,0) = / Lxiyn,yn) ■( + L^iyn,yn) ■( dt < ^UW^^^^j^^y 



24 

Using (Uni), 
(28) 
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Lx{x,v) = Lx{x,0) + ^Lx{x,sv)ds 
Jo 

L^{x,v) ■ C > dTp{x) • C - &3 (l + \v\x) \v\x Id- 
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L^{qo,0). Using (gHl) and Lemma 12121 (0) with {x,v) = iyn,yn), iy,w) = {qo,0) 



Write 

in inequality in (P7|). we get that 
"1 



dip{xn{s)) ■ h{s) ■ dipixniO)) ds - 63 



90 



C dt 



(1 + |y„|) dt-Ao 



{\yn\ + \yn\ ) dt 
\yn\ dt 







< — mqo) 

n 



In the inequality above the third term is zero. Dividing by r„, letting n 
using (pS)) . we get 



+CXO and 



0<|#(go)|^= lim / d^(a;„(s)) • /i(s) • #(x„(0)) 

Hence (gojO) is a singularity of the Euler-Lagrange flow. 
(|injl. We now see that ^(qojO) = A;. Prom (|TT|) . 

|V'(yn(t)) - V'(yn(0)) I < 61 4 for all t G [0, Tn] 

The hypothesis r^)^fc|| < ^ implies that 



< 0. 



(29) 



Using Lemma IXT1 we get that 



1 


dAk 




1 




- > 










n 


dT 






Jo 



E{yn,yr, 



[^{yn{^))+k] -61 4 + 



2 Tn Jo 



dt 



\yn\ dt < 



n 



< 



[V(yn(0)) +hiln + 4^ r^\yn\^dt. 

^ J-n Jo 



n 



Tn 



Then from inequality (|26() . we get 

E{qo,Q) = -i;{qo) = lim -V'(2/n(0)) = k. 

n 

We have that E{qQ,0) = k = —ip{qo) and dip{qo) = 0, hence the point {qo,0) G TM is 
a singularity of the Euler-Lagrange flow in the energy level E = k. The Dirac measure 
supported on ((?OiO) is an invariant measure whose (L + A:)-action is zero and has trivial 
homology. 

This (singular) energy level E = k does not satisfy the Palais-Smale condition because 
the curves (xn,Tk), where x„(t) = qo, Tn = n, are in the same connected component 
in Am of closed curves with trivial homotopy class, they satisfy Ak{xn-,Tn) = and 
dAk{xn-,Tn) = but they do not have an accumulation point in the topology of Am- 
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In the case {xn,Tn) G flM{QOi Qo), the same choice = qo, T„ = n is an unbounded 

Palais-Smale sequence in r^Ml^cQo)- 

□ 

3.10. Corollary. // (^OiO) E Tq^^M is not a singularity of the Euler- Lagrange flow and 
a sequence (x„,r„) G 17^/(90, ^o) satisfies Ak{xn,Tn) < Ai and \\d(^^^^Tn)-^k\\ < ^, 
then hminf„T„>0. 

3.11. Remark. 

Observe that the Hilbert manifolds Am and r2j\,f (^O; Qi) are not complete with our rie- 
mannian metric (jlj) because they do not contain the points (x,0) G Ti.^{M) x {0} that 
would be at finite distance from (x, 1). The discussion above shows that in order to prevent 
a Palais-Smale sequence {xn,Tn) from leaving the space at Ti.^{M) x {0} we can either 

• work on a connected component Ai of Am or Qm{qo,Qi) with a non-trivial homo- 
topy class. 

• work on i^MiQOjQi) with qo ^ qi- 

• work on ^MiQo,Qo) where {qo,0) is not a fixed point of the Euler-Lagrange flow. 

• ask that E~^{k} is not a singular energy level. 

• ask that lim„ r„) / 0. 

On a given connected component Ai of Am or QMiQo, 9i) a singular energy level may not 
satisfy the Palais-Smale condition with a counter-example made with sequences of curves 
(x„,T„) with lim„T„ = -|-oo which spend long time near the singularity. For example 
in rijvf (go, ^Zi) when the singularity is hyperbolic and go and qi are respectively in the 
projections of the unstable and stable manifolds of the singularity. In such an example 
theorem \K\ savs that the measure /i„ defined in page [5] converges to the Dirac measure at 
the singularity. 

3.12. Proposition. 

// a sequence {{xn,Tn)}neN C flM{qo,qi) or {(x„,T„)}„gN C Am satisfies 

Akixn,Tn) < Ai, \\d(^^^^T„)-^k\\ < ^ and < lim^inf r„ < +oo; 
then there exists a convergent subsequence. 

Proof: S Tn) G Am, taking a subsequence, we can assume that 

go := lim„Xn(0) = lim„x„(l) exists. In this case write gi := go. Thus in both cases, in 
Aj\/ and Qm{qo,Qi), we have that go = lim„x„(0) and gi = lim„Xn(l). 

Taking a subsequence we can assume that T = lim„ T„ G M"*" exists. We will ex- 
tract a Cauchy sequence from {(x„, T„)}„gN. Since T > 0, such Cauchy sequence has 
a limit in Am (resp. in QMiqo,Qi))- By Lemma [3. 31 there are smooth curves Xn such 
that d[{xn,Tn), {xn,Tn)] < ^. Hence we can assume that the curves Xn are C°°, for 
if {(x„,T„)}„gN is a Cauchy sequence, so is {(x„, T„)}„gpj and since Ak is C^, also 
lim„ ||ii.Afc(x„,r„)|| = 0. Similarly, since (i[(x„, r„), (x„, T)] < |r„ - T\ ^0, we can 
assume that = T for all n. Also, since we are assuming that T„ = T is fixed, it is 
equivalent to use the metric © with /(T) = g{T) = 1. 
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Let ynit) := Xn{t/T) and let a„ : [0, 1] ^ M and /3„ : [T + 1, T + 2] ^ M be minimal 
geodesies joining a„(0) = go, an(l) = yn(0); /3„(r + 1) = yn(T), /3„(r + 2) = gi. Taking 
a subsequence we can assume that d(j;„(0),go) < 1 and < 1. Then |dn| < 1 

and \(5n\ < 1- Define 



Wn{t) 



Unit) if < i < 1, 

yn{t-l) if l<t<r + l, 
if T + l<t<T + 2. 



Then all the curves Wn '■ [0, T + 2] M join go to qi. Their action is uniformly bounded 
because 

AL+k{Wn) = Ak{Xn, T) + ^L+A;(an) + -4i+A;(^n) 

< ^1 + 2 • sup [L{x, v) + k] =: A2. 

\v\<l 

By Cauchy- Schwartz inequality and Lemma 13.51 

1 

ft2 



d{wn{ti),Wn{t2)) 



< 



.Xs)\ ds < V\t2-ti\ 



tl 



Wr, 



ds 



< B{k,A2,T + 2)2 \t2 - h 



Then the family {wn} is equicontinuous. By Arzela-Ascoli Theorem there is a convergent 
subsequence of {wn} in the topology. This implies that also has a convergent 

subsequence in the topology. For the sequel we work with a convergent subsequence 
of {Xn}- 

We can assume that the injectivity radius of M is larger than 2. For n, m large enough 
d{xn{s), Xm{s)) < 1 for all s E [0, 1]. Let 7^ : [0, 1] — > M be the minimizing geodesic joining 
7,(0) = Xnis) to 7,(1) = Xmis). Let r : [0, 1] x [0, 1] ^ M be defined by r(s,r) := 7,(r). 
Then 



(30) 



dT 



\'ys{r)\ = dM{Xn{s),Xm{s)) < dn,m, 



where dn,m = supgfz^Q^i] d{xn{s),Xm{s)). Observe that J(r 



ar 

ds 



{s, r) is a Jacobi field 



along 7, with J(0) = Xn{s) and J(l) = Xm{s). Since |7,| < 1, by Lemma IXH 
(31) 
(32) 



dV 



D dr 



ds dr 
By Lemma 13.51 
(33) 



[s,r 



\J{r)\ < K \\±n{s)\ + \im{s)\ 
D dT 



dr ds 



{s,r) 



J'ir)\ <K |x„(s)| + |x^(s)| 



■nll^i < ||a;n||£2 < T B{k,Ai,T) =: Bi, 
^\\c2 = \\yn\\c2<B{k,Ai,T) =:B2. 
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Let r/„,„(s) := §{s,l) e T^m{s)M and Cn,m{s) ■= §is,0) E T^„(s)M. We have that 

1 



ln,m\\'ni(M) = \Vn,miO)\ + / |??(s)| ds 



dr 

dr 



(0,1) 



+ 



D dr 

ds dr 



ds. 



From (lanl). (I32|) and (l33l). 

||^?i,m||->^i(jVf) ^ f^(2;n(0), Xm{0)) + K (^2 H^:™ j-^j^ + 2 || Ht^i (jvf) ) 



< l + AKBi =: Ki. 



Similarly, 



Also 



lie 



n,m|l7^l(M) 



< K,. 



^ dn,m and ||'^n,m||QQ ^ dn^m- 



Since lim„ || ^(j,^ = 0, for the product norm || • ||7^i(m)xR' ^^i^^ /(T) 



(^(T) = 1, we also have that 
(34) 



d{x„,T)-^k\\ 



Wi(M)xIR 



0, 



where the derivative is restricted to the tangent space T(^x^ j^^-jQm{qo, Qi) [resp. Tj-^,^ j-^^Aa/]. 
Therefore given e > there is > such that 



for every n> N and ||??||7^i(m) < Ki with r/(0) = r/(l) = when {xn,T) € riA/(go,gi) and 
7/(0) = 77(1) when {xn,T) £ Am- We can take rj = r]n,m and rj = S,n,m defined above over 
{xm,T) and {xn,T) respectively. Therefore 



From formula for dxAk, we have that 



< e 



T 



(35) 



+ 



T 
1 

- 



< e 



for m, n > N. Since L is quadratic at infinity, 



|V.L(a;,7;)|, 
&2 := sup — ^ < +00. 

(x,i))GTM 1 + l^lx 

The first term in is bounded by 2 T 62 (I + -B2) dn,m- Consequently the second integral 
in is small for big m, n. 
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Observe that the integrand in the second term of is 
= (V.L(r(.,r),if(.,r)), |^f(.,r)>r=' 

= (a.v.L (r, If ) • f + a.v.L (r, if) • 



i9r\ iD.ar d_9L\ rir 

T dr ds ' ' 



(36) 



I' (a.v.L (r, If ) • f , £f ) + (r, if) • 



1 dr\ _ ]_D.9r _D ar 

T dr ds ' ds 9r 



dr, 



here dx^vL and dyVyL are the partial derivatives of the second component of TM 3 
{x,v) 1— > (x, Vt,L(x, u)) G TM with respect to the sphtting Ti^^^^-^TM = H ®V described 
in page [29l The partial derivative dv'VvL{x,v) coincides with the second derivative of 
V I— > L{x,v) € TxM in the vector space T^M. 
Since L is quadratic at infinity, 

03 := sup j— < +00. 



Then, bv (|!TT |l . (1^17 )) and 



first term in (|36() | < 



Jo 



< 63 [l + ^K{\±n{s)\ + \Xm{s)\)] dn,mK{\±n{s)\ + \Xm{s)\). 

By and Cauchy-Schwartz inequality, 

[ I first term in ^ \ ds < bs {2KBi + ^iX'^Bf) dn,m 
Jo 



0. 



Since J^f = J^f > from © we have that 



/ I second term in \ ds > f f ciq — 
Jo Jo Jo T 



D dV 

ds dr 



dr ds. 



The integral of corresponds to the second term in the left of Since the first 

term in ()35() is small, we get that 



(37) 



lim 

n,m— >+oo 





D dr 


Jo Jo 


ds dr 



dr ds = 0. 
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Using (jSni), in n^{M) x M+ we have that 



d[{xn,T), (x 



< 



dr 



dr 



dr 

(r(-,r),T) 
2 

+ 



1 rl 



D dV 



< d + 



JO 



ds dr 



JO 
2 

ds dr 



ds dr 



ds dr 



By (|57|) . {(x„,r)} is a Cauchy sequence. 



n 



3.13. Proposition. Suppose that L is Riemannian at infinity. Let Ai he a connected 
component of Q,MiQo, Qi) or Am- If a sequence {{xn,Tn)}ni=N C Ai satisfies 

\Ak{xn,Tn)\ < Ai, ||d(a;„,T„)A|| < ^ and hmsupT„ = +CX), 

n 

then there exists a Borel probability measure fi, invariant under the Euler- Lagrange flow, 
supported on a connected component of the energy level E = k, which has homology p{n) = 
and whose (L + k)-action is zero. 

In the proof of this proposition we can not use Lemma 12.21(^ )1 on the equivalence of the 
metric of ^^(M) x R+ to the metric of l-0-{W^) X M"*" on local charts because the times r„ 
are not bounded. Here we shall use strongly that the lagrangian is Riemannian at infinity 
and not only quadratic at infinity. 

We first fix the notation used in the proof of Proposition 13.131 There is a canonical 
splitting of the tangent space 

TeTM = H{e) © V{e) 

where the vertical subspace V{9) is the kernel of the derivative deir of the projection 
TT : TM M and the horizontal subspace H{0) is the kernel of the connection map 
K : TqTM TqM. Both subspaces are naturally identified with T^(^g-jM ~ H{6) ~ V{6) 
in the following way: a tangent vector = {h,v) G H (B V has horizontal and vertical 
components given hy h = dg-K{C) £ TqM ^ H{e) and v = K{C) G TqM w V{e). 
The Sasaki metric on TM is given by 

{(1X2)9 ■■ = (de^(Ci),d,7r(Ci))^(,) + (K(Ci),i^(C2)>.(e) 

= (/ll,/l2>7r(0) + (^^l,^^2>7r(0)> 

where = {hi,Vi) £ H{e) © V{e), i = 1,2. 

The identification TM < — > T*M induced by the Riemannian metric {x,v) <-> {v,-)x = p 
preserves the norm on each fiber and the canonical symplectic form uj = dp A dx on T*M 
is sent to the form 

a;,(Ci,C2) = {K{Cl),d7T{C2)). - {K{C2),d7T{Ci)). 
= {vi,h2)^(e) - (^2,/ii)7r{e)- 
We shall ambiguously use this identification along the rest of this section. 
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Let H : TM ^ M be the hamiltonian associated to L: 

H{x,p):= max {p,v)x - L{x,v), pGT^M. 

v£TxM 

The hamiltonian vector field X on TM is given by ix^ = —dH. Its flow lines solve the 
hamiltonian equations 

x = VpH{x,p), ^p = -VxH{x,p). 

When seen in TM, VxH and VpH are the projections in the horizontal and vertical 
subspaces of the gradient of the hamiltonian H with respect to the Sasaki metric. The 
hamiltonian flow of H is conjugated to the Euler-Lagrange flow of L by the Legendre 
transform C{x,v) = (x, Vt,L(x, f )) = {x,p). This is, {p,-)x = -§:^L{x,v), in the vector 
space TxM. 
Observe that 

VxL{x,v) = -VxH{x,p), if p = VyL{x,v). 

If (x,r) G n^{M) xR+, X e C°°([0, 1],M) and ^ e T^x,T)^M{xiO), x{l)), the partial 
derivative of the action functional is given by 

(38) d^x,T)Mi.^)= I {p,§0y-{^xH{y,p),0y dt, 

Jo 

where y{sT) := x{s), C{sT) := ^{s) and p{t) = V^L{y{t),y{t)). Let T{t,s) : Ty(,)M ^ 
Tyj^f^M be the parallel transport along y{t). For t G [0, T] let 

Mx{t) :=r(t,0)-a + / T{t,s)-VxH{y{s),p{s))ds, 
Jo 

where the constant a G Ty^^^^M is chosen such that 

(39) / T{T, t) ■ [pit) + Mx{t)] dt = 0. 

JO 

Let 

(40) p{t):=p{t) + Ux{t). 
Integrating by parts in (|38jl we have that 

(41) d(.,T) A(e, 0) = -(M,, C> + {p{t) + ]H,.(t), £C(t)),(,) cit. 
Define Ci(i) by 

Ci(t) := f r{t,s)-[p{s)+nx{s)\ ds. 

Jo 

By(|Si,Ci(0) = Ci(r) = 0. Thenifei(s) := Ci(sT) we have that (6, 0) G r(,,r)f^M(x(0), x(l)) 
and also (Ci>0) G T{^x,t)^m if x(fi) = x(l). Observe that 

%Cl{t)=p{t)=p{t)+nx{t). 
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Applying (|^T|) . we get 



C?(x,T)A(6,0) 



\pit)\ 



Therefore 
(42) 



< \\d(:,_T)A, 



{x,T)-Ak\\ ■ e 



< \\d(:r.T)-^k 



(x,T)'^k\\ ■ e 



-2T2 



T 



\pit)\ 



y{t) 



p|l£2([o,T]) ^ e ||'^(x,T)A|| , ifr>io. 



if T > 10, 



if r > 10. 



Proof of Proposition I3.13t 

We can assume that T„ +oo. Moreover, we can assume that 

Tn>n> 10. 

Since Ak and dAk are continuous on Q.M{(lQ,qi) and Am, by Lemma we can assume 
that Xn ■ [0, 1] ^ M is C°° for all n. Observe that if qq = qi, T(^x,T)^MiQo, Qi) C T(^x,T)^M- 
In the sequel we shall only use tangent vectors in T(^^ j'-^Q]\f{qQ,qi), so that the arguments 
apply for both Qm{qo, Qi) and Am- 
Let yn{t) := Xn{t/Tn), t E [0,r„] and 

Pn{t) := VyL{yn{t),yn{t)) G Ty„M. 

Let Pnit) be defined as in (IIU)) for the path {yn{t),pn{t)): 

Pn{t) :=p„(t)+EI^(t). 

In particular 
(43) 

From ()42() we have that 



dt P'^ 



^Pn + yxH{yn,Pr. 



(44) 
Let 



^'n|l£2([0,T„]) 



-2Tl 



n 



An:={te [0,T„] I \pn{t)\y^^t) < e"^^" }• 
If m is the Lebesgue measure on [0,T„], we have that 



-3T2 



"m(yl^) < / \pn{t)\^ dt<^e 





^Inequality l)42|l is our fundamental estimate for the rest of the section. Observe that since, by definition, 
p{t) = \/j,L{y,y), the first hamiltonian equation y — \/pH{y,p) follows from the Legendre transform 
of H. Thus the quantity p{t) — pit) + measures the deviation of {y{t),p(t)) from being a solution 

of the second hamiltonian equation p — —\/xH{x,p). Our problem now is to obtain a true invariant 
measure from this estimate. 
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Thus m{A'^) < e~'^'" and hence 

(45) m{An)>Tr,-^e-^'. 

We assume that the Riemannian metric on M has injectivity radius larger than 2. 
Since the lagrangian is Riemannian at infinity then the hamiltonian is also Riemannian at 
infinity: H{x,p) = ^ when \p\x > R- Define Ri > Rhy 

^ Rl = sup {H{x,p), l\VpHix,p)\l I \pU<R}>IR^. 
Let di > \k\ be such that 

(46) H{x,p) > \ IpI^ - di, for all (x,p) G TM. 
Choose i?o > such that 

(47) i?o>max{i?i, 10(|A:|+(ii + l)}. 
In particular 

H{x,p) = \ IpI^ if \p\^ > Ro. 

Also 

VpH{x,p) =p and VxH{x,p) = if \p\x > Rq. 

3.14. Lemma. 

\p\x < Ro <^=^ H{x,p) < -^Rq ^=^=- \v\x < Rq, where v = \7pH{x,p). 

Proof: If H{x,p) > ^ Rq > ^ Rj then \p\j; > R, v = \7pH{x,p) = p and H{x,p) = 
^\p\l. Hence \v\x = \p\x > Ro- If \p\x > Ro > R then H{x,p) = \ \p\'i > ^Rq. If 
\v\x = \VpH{x,p)\x > Ro > Ri then \p\x > R, v = VpH{x,p) = p and H{x,p) = \ \p\l, = 
\\v\l>\Rl □ 

We start by estimating the difference between {yn,Pn) and an orbit of the hamiltonian 
flow. 

3.15. Lemma. 

Given to G [0, 7n], let (x(t),g(t)) be the solution of the hamiltonian equations 

X = VpH{x, q) , q= -VxH{x, q), 

with initial conditions x(to) = Unito), lito) =Pn{to)- 

There is no > such that if n > uq, to S An and \pn{to)\ < Rq, then for all t £ [0,T„], 

dM{x{t),yn{t)) < 1, 

(48) dTM[ixit),qit)),iynit),pnit))] < |p„(t)|^^(^^ +e-^". 

3.16. Remark. The bounds in Lemma [3 . 1 51 are actually made for zt defined in (|5fl|) instead 
of the distance between {x{t),q{t)) and {Vnit) , Pnit)) ■ 
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Proof: We only prove the estimates for t > Iq. The case t < to is similar. 

Recall that using Lemma ESI we are assuming that yn is C°°. Let ^yt : [0,1] M 
be a geodesic joining x{t) to yn{t) such that 7*0 (s) = yn(to) for all s G [0,1] and that 
fis,t) :=7t(s) is C^. Let 

et ■■ = \it\ = length(7t) > dM{x{t),yn{t)). 

Let In be the maximal interval in [0,r„] containing such that |ei| < 1 for all t £ In- 

We first prove that there is B = B{L, Rq) > such that for all n, if |pn(to)| ^ Ro and 
t G In then 

dTM[{x{t),q{t)),{yn{t),Pnit))] < + (l + e^^*"*")) |p„ (to) 

(49) +i?e^(*-*«) \\pn\\cH[o,T„])- 
Let At{s2,si) : T^^j-^^^M T^^^^g^-^M be the parallel transport along 7^. Let 

(50) zt := length(7t) + |p„(t) - ^^(1,0) • q{t)\y^(t) ■ 
Let Ai : [0, 2] TM be the curve defined by 



(51) Kt{s) 
Then 



' {^t{s),At{s,Q)-q{t)) ifO<s<l, 
(y„(t), {s - l)pn{t) + (2 - s) At{l, 0) • q{t)) if 1 < s < 2. 



dTM[{x{t),q{t)),{yn{t),Pn{t))) < length(At) 

< Zt. 

Recall that f{s,t) = 7t(s). Then 

Since = £7* = 0, we have that 

2 dt 2 Jq dt\ds' ds / Jq ds\dt'ds/ 

= <yn(t),7t(l)>,„(,) - (^t(l,0) -ilt), ^,(1,0) •7*(0))^^(,) 
= (y„(t)-^i(l,0)-x(t),7t(l)>^^(,) 
(52) <|y„(t)-At(l,0)-x(t)|^^(^)et. 

Since p„ = VyL{yn,yn), Vn = VpH{yn,Pn)- Since VpH{y,p) = p when \p\y > Rq, 
{x,p) ^ VpH{x,p) has bounded derivative on TM. Let i^i > 1 be a bound for its 
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derivative. Then 

\yn - Atil, 0) • x| = \VpH[yn,Pn) - At{l, 0) • VpH{x, q)\ 



(53) 

Thus, from ((^ . 

Since et^ = 0, 
(54) 



< /'|£ [^t(l,min{2s,l})-Vpi?(At(2s))]| ds 
Jo 



|£Vpi/(At(2s))| ds 



< Ki length(Aj) = Ki zt. 



1 def 

7^ < Ki Zt et. 

2 dt - 



to 



---f dt< / Kiztdt. 
1 et dt 



to 



Let T{t2,ti) : Ty^^t^-^M — > Ty^^t2)^ t)e the parallel transport along yn{t). Since Pn{io) 
q{tQ), we have that 

p„(r)-^,(l,0) •g(r) = / T{T,t)[§^pn{t)-^^Ml,0)-qit)] dt, 



to 



to 



T{T,t) j^Pn + ^xH{yn,Pn 



dt 



(55) 



+ / T{T,t) Atil,0)-V,H{x,q)-V,H{y 



to 



dt 



+ / T{T,t) - At{l,0)-V^H{x,q)-§At{l,0)-q{t) 



to 



dt. 



Since V xH{x,p) = if \p\x > Ro, the function VxH has bounded derivative on TM. 
Then, as in 

the norm of the second term in ()55() < / K2 Zt dt, 

J to 

where K2 is a bound for the derivative of 'VxH. We estimate the third term. Since (x, q) 
is a solution of the hamiltonian equations, then 



§^q = -VxH{x,q). 



Let F{s, t) := At{s, 0) • ^ g(t) - At(s, 0) • q{t) G Tj(,,t)M, then F(0, t) = and 
£f(., i) = £ [^,(., 0) • i g(t) - § Atis, 0) • <z(t) 
= 0-TsTtMs,0)-qit) 

= -mTs [Ms, 0) • qit)] + §f ) [A,(., 0) • q{t)] 

= R['ytis),^)[Atis,0)-qit)], 
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where R is the curvature tensor. Let > 1 be such that \R{u,v)'w\^ < \u\x \v\x \w\x 
for all X E M, u,v,w G TxM. 

Observe that J(s) = ^{s,t) is a Jacobi field along the geodesic 74 with J(0) = x{t), 
J(l) = yn{t) and that if t € In then \'yt\ < 1- By Lemma 13.41 there is K4 > 1 such that 



df 



dt 



\m\ + \yn{t)\ 



for all {s,t) £ [0,1] X /„. 



f{s,t) 

Then, using 

\^^F{s,t)\ < KsetK4[\±{t)\ + \yn{t)\] \q{t)\ 

< K3 et K4 [ \±{t)\ + \yn{t) - At{l, 0) • ±{t)\ + \i{t)\ ] \q{t)\ 

<K3K4et [2 \x{t)\+KiZt\ \q{t)\. 

Since, by hypothesis, \q{0)\ < Rq, by Lemma TJ. 141 E{x,x) = H{x,q) < ^ Rq and hence, 
by Lemma ITTH \x{t)\ < Rq and \q{t)\ < Rq for all t. Let K5 := 2K1K3K4. If t e In then 
leA < 1 and hence 



|F(1, = ° + ^) ■ 

< / [i^s ^0 et + K5 Ro zt] ds 
Jo 



yn{t) 



<2K^Rizt 



for all t ^ In- 



Thus, when r € /„ 



rT nT 

Ithird term in ((SSJI < / \F{l,t)\y^(^^^ dt < 2 K^, R^ ztdt. 

J to J to 



From (inni), ((SH), and (jlSl) when t e In, we get that 



Zt- < Ki / Zt dt + 
'to 



to 



[r(r,t)-£p„(t)] 



+ K2 / 2t dt + 2K^Rf. / 



to 



/ 

J to 



Zr < \Pnir) - T(r,to) • Pn{tQ)\y^(^r) + ^ / ^t 



to 



(56) 



^^r < |Pn(T)|y^(^) + |Pn(to)|y„(t(,) + / dt when r G /„ 

J to 



where B := max{l, Ki + + 21^5 R^}. Let u(t) := /^^ zt dt. Then, using (fS^ . we have 



that 



_d / -B(t-to). 



< ~ Bit-to) 



( l^"(*)lyn(t) + l/'"(*o)ly„(to) ) for t e /„. 
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Since n(to) = 0, 



< 



\\Pn\\cHlO,T„]) + ^ \Pnito)\y„(^to) ^^en T G /„. 



Then from if r G /„, 

< |Pn(r)|y^(^) + |p„(to)|y4to) + 5n(r) 

< \Pn(r)\y„(r) + \Pnito)\y„^to) + H II ,:.([o,T„]) + e"^^^"*"^ IP" (*o) |,„(,„) • 

Since B > 1, < i?. This completes the proof of (|i9|) . 

Since hm„ r„ = +cxd, by (HU, there exists no > such that if n > no then 

Rp-^"^" \\n W . < R p^'T" i p-2T^n / 

ll/'n||£2([o,T„]) ^ -t. e -e , 

(1 + e^'^")e"5^" < ^e"^" 

and 



Ki(iV7;e-2^"+r„e-^") <1. 

If to E then |/3„(to)| < e~2"^". Thus if n > no each of the last two terms in is 
bounded by ^ e~-^". This validates (|^ when t e In- 

It remains to prove that if tg £ then /„ = [0, T„]. Let = [a, b]. From (|54jl and (|48|) 
we have that for t £ In, 

dM{x{t),yn{t)) <et< I KiZtdt<Ki j \pn{t)\ dt + Ki j e"^- dt, 

J to J to J to 

< Ki ||Pn||£2([o,T„]) V\T-io\ + |r - tol e~^" 

< 1. 

If 6 < Tn, since t i— > is continuous, I„ could be extended. Then b = Tn- Similarly, 
= 0. □ 



3.17. Lemma. If t £ An and n is large enough then 
\H{ynit),Pn{t)) - k\ < ^ and 

Proof: 

Claim 1. Ann{te [0,Tn] \ |p„(t)| < } / 0- 

Proof: Let di > \k\ be from Since < ^, 



dT 



n 5 '^n ) 



1 Z"^" 1 
— / [H{yn,Pn)-k] dt<-. 

J-n Jo ^ 
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Then 



1 d2 

2 



dt 



Rl-m{[\pn\>Ro\) < l\Pn{t)\^dt< [H{yn,Pn) + di] 

Jo Jo 

<[k + di + ^] Tn. 

2\k + di + ^ 

m{[\prr\ > Ro]) < ^ ^2 

< ^ Tn, from (EZl). 

Therefore, using H45() . 

m(.4„ n [\pn\ <Ro])=Tn- m{Al U [|p„| > Rq]) 

1 _ 1 1 

n 

> 

This proves Claim 1. 



Claim 2. There exist K = K{Rq) > and ni > such that 

K(t)|,„(t) <i^(i?o) [|Pn(t)|j,4t) + l], VtG[0,r„], Vn>ni. 



> T — -!- - T 



Proof: By Claim 1 there exists to G An such that |pn(^o)| < -Ro- Let {x{t),q{t)) be the 
solution of the hamiltonian equations with initial conditions x{to) = Vnito)-, lito) = Pn{to)- 
By LemmaEISl dM{x{t),yn{t)) < 1 for all t G [0, r„]. Given t G [0, r„], let -ft : [0, 1] ^ M 
be the minimizing geodesic joining x(t) to Unit)- Let : [0, 2] — > TM be defined by H51|) . 
let Cf := dM{x{t),yn{t)) and let := + |pn(0 — ^t(l)O) ■ ^(Ol be as in Lemma f3.15l 
Then 

H{yn{t),pn{t)) - H{yn{to),Pn{to)) = H {yn{t) , Pn{t)) - H{x{t), q{t)) 
= {V,H{Ms)),^t{s))^^^^^ds 

+ ^ {VpH{At{s)) , pn{t) - At{l, 0) • g(t)>^„(,) ds. 

Since VxH{x,p) = when \p\x > Ro, there is ^2 > such that 

\V:rH{x,p)\^ < d2 for all {x,p) G TM. 
Since VpH{x,p) = p when \p\x > Ro, there is ds > such that 

\VpH{x,p)\^ < \p\x + ds for all {x,p) G TM. 

Then 

-^^(yn(io),Pn(io))| < y d2 et ds + [\Pnit)\y„(t) + \Qit)\x{t)+d3]ztds. 
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Since |p„(to)| < Ro, by Lemma EUl H {yn{to) , Pnito)) = H{x{t),q{t)) < ^ and 
\q{t)\ < Rq for all t. Let := max{d2, ds}. Then 

(57) \H{yn{t),Pn{t)) - H{yn{to),Pn{to))\ < [\Pn{t)\+Ro + 2d^] Zf 

Suppose first that |pn(i)| > ^o- Then H {yn{t) , Pn{t)) = ^ In this case we have 

that 

^ \Pn{t)f <Ho + \pn{t)\ Zt + [Ro + 2di] Zt 

where Hq := H {yn{to) , pn{to)) . Using that Hq < ^R^, we get 

i [ \pnit)\ -zt]^<Ho + [Ro + 2d^]zt + \ z} 

<\R^o + Rozt + \zl^2dA Zt 
< \ {Ro^ztf + 2diZt. 



(58) \pn{t)\ <zt + ^J[Ro + ztf + Adi 



Zt ■ 



The other case is when |pn(i)| < -Ro- Since the right hand side in is > Rq, the 
inequality is vahd for all t G [0, r„]. Using the identity (a + 6)^ < 3 (a^ + 6^), we have 
that 

\Pn{t)f < 3z2 + 3 [Ro + + I2d4 Zt 

< d^ [zf + Ro ] for some constant d^ > 0, 
<d6{Ro)[zt + ^f for some dQ{Ro) > 0, 

< daiRo) [\pn{t)\ +e"^- + i]^ using Remark OH and (|1H|) . 

< (i6(-Ro) [|Pn(i)| + l]^ if n is large enough. 



Now let K{Ro):= y/dk{R^. 

Claim 3. There is n2 > such that if n > n2 and ti,t2 € An then 

\H{yn{tl),Pn{h)) - H{yn{t2),Pn{t2))\ < ^. 



Proof: By Claim 1 and the triangle inequality, it is enough to prove that if to S An, 
\Pnito)\ < Rq and ti G An then 

\H{yn{tl),Pn{tl)) - H{yn{to),Pn{to))\ < 2^' 

Let {x{t),q{t)) be the solution of the hamiltonian equations with initial conditions 
^(^o) = Unito), Q{to) = Pnito) and let zt be as in Claim 2. 

If ti e An, n > no, then |p„(ti)| < e~2^n and by Remark [3. 161 and (|1S)) . 

-Zii < \pn{ti)\ + e-^' < 2e~^". 
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From (|57j) and Claim 2, we get that 

\H{yn{ti),Pn{h)) - H{yn{to),Pn{to))\ < [K (Rq) {\pn{ti)\ + I) + Rq + 2 d^] Zt, 



< [K{Ro) (e-t^" + 1) + i?o + 2 ^4] 2 e"^- 



rp2 



^ 2n 

if n is large enough. 

We now finish the proof of Lemma LS.ITL Let dj > he such that 
H{x,p) - i \p\l < d-j for ah {x,p) G TM. 
Then, using Claim 2, and the inequality (a + 6)^ < 3(a^ + 5^), 

<\K{Rof f {\pn{t)\ + lfdt + d-jm{A''^) 

< i K(iio)' ^ e-^^" + [| i^(i?o)^ + dj] ^ e-^", 

< i. 



/ " 


<-L 







using (1331) and (|^ . 

if n is large enough. 



Since A|| < ^, 







1 




9r 






i 



[i?(y„,p„) - A:] (it 
[H{yn,Pn) - k] dt 



1 

< 

n 



Tn 

< —■ 

n 



Therefore 



H dt — k m{Ar^ 



< 









+ \k\ m{Al) + 



n 



(59) 



1 \k\ rp2 Tn 

n n 



Let t € An- By Claim 3, we have that 



(60) 



H dt - m{An) H{yn{t),Pn{t)) 



<^m{An). 



Adding and we get that 



\H{yn{t),pn{t)) - k\ m{An) < -m{An) + - + 



1 |A;| e-^" 



n 



n 



+ — 

n 
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1 1 Tr,, 



\H{ynit),Pn{t)) -k\<- + -— + ' ' , + 



n nm{An) v? m{An) n (T^ — e~^") ' 
3 

< — if n is large enough. 
n 

Since by < + 1< \ RI, by lemmaEia \pn{t)\ < i?o if t S A„ 

and n is large enough. □ 

Let Un be the Borel probability measure defined by 

/ dVn = } . I f{yn{t),Pn{t)) dt 

for any continuous function / : TM M. By Lemma 13.171 we have that 

snpv{iyn)QH-\[k-^,k+^])cH-\[k-l,k + l]). 

Since H~^(^[k — l,k + 1]) is compact, there exists a convergent subsequence in the 
weak* topology. Let 

L' := limz^n-. 

i 

Then 

supp(i/) C H'^ik}. 

3.18. Lemma. We can assume that u is supported on a connected component of H~^{k}. 

Proof: If is a singular value of H then H^^{k} contains a singularity of the Hamiltonian 
flow. In that case a Dirac measure supported on the corresponding singularity of the 
Lagrangian flow satisfies the thesis of proposition 13. 13l 

If A; is a regular value of H then there is e > such that each of the finitely many 
connected components of H^^(]k — e,k + e[) contains exactly one connected component 
of H~^{k}. Since the measures Vn are supported on the images of the connected curves 
Un and supp(i/) C H~^(]k — e,k + e[) for n large, we can take the convergent subsequence 
Vrii in a single connected component of H~^(]k — e,k + e[). 

□ 

3.19. Lemma. The probability v is invariant under the hamiltonian flow. 
Proof: Given < s < 1 let 

Dn{s) : = {t G [0,T„] I \pn{t)\ < e-i^", \pn{t + s)\ < e-2^n }, 

= Ann {An - S). 

Then m{D^n \ [Tn - s, T^]) < m([0, r„ - s] n {A^n U {An - sY}) < ^ e"^-, and 

m{Dn) >Tn-s-^ e-^" > r„ - 2. 

Let ipt '■ TM be the hamiltonian flow. Let F : TM — > M be a continuous function with 
compact support. 
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dTM[lps{yn(t),Pn{t)) , {yn{t + s),Pn{t + s))] < |/0„(t + s)|+i 



-T2 



3rp2 _rp2 _ 1 



< e a-'i -)- e " < 



n 



Since F is uniformly continuous then 



0(F,i):= sup |F(z)-FH| 



if n is large. 



0. 



Since by ^ m(A„) > T„ - 1, m(L>^) < 2 and ^^[§4 < 1, we have that 



j F d(V>„) - j FdVn 



- r„ - 1 ^ ' 



Hence, for all < s < 1, 



F d{ijy) 



F du. 



n 



Let /i = i2*(z/) be the push forward of v under the Legendre transform £ : TM TM, 
2{x,p) = VpH{x,p). 

3.20. Lemma. The homology class p(/i) G Hi{M,M) of fx is zero. 

Proof: If we are working on ^m{Q0:Qi)i let 7 = 7n be a minimizing joining the two 
common endpoints 7(1) = qo = yn(0), 7(0) = qi = VniTn) of all y„. If we are working on 
Am, let 7„ be the constant curve 7„(t) = y„(0) = y„(T„), t £ [0, 1]. 
Let be the probability measure defined by 



1 



TM J^n^ + ^ 



f{ynAs),yn,{s)) ds+ / /(7n,(s),7n,(s)) ds 



for any continuous function f £ T with quadratic growth: 
jr := / / G C°(TM,IE 



sup < +00 

We show that for any f £ 

(61) lim j fdfin, = j fdfi = lim J f d{2,^i'n,) = J f d{C^v). 

We have that 

[ fdl,n, = p^ [ fd{£,,.n,) + -^(f f + -l—f /o£. 
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Observe that either 7„ is a constant curve or 7„ does not depend on n. Then 

hm / / dfin, = hm / / d(£*f„.) + + hm ^ / / o £ 
« 7 « J * ^n, + t7A£. 



/d^ + lim-^ / /o£. 



Let 11/11^ := sup^gr^ Then 



/ /o£< 11/11^ / + o£. 



Let (is > be such that 

\^{x,p)\, = \VpH{x,p)l<\p\, + d^. 
Then, using Claim 2 in Lemma 13.171 and the identity (a + 6)^ < 3 {a? + 6^), 

<{l + ?,dl)m{Ai;)+^K{R,f [ [IpnMl + ^'dt 

< (1 + 3 dl) m{Ai;) + 3 K{R^f [3 , + 3 m(A^J] 

< il + 2,d\) - l + SKiRof ■ [3- ^^ + 3-2] by (gSI) and (01. 

So that 

and hence (|HT|) holds. 

Let Tjn be the closed curve ijn = Un* In and let [r^n] € i?i(M, Z) be its homology class. 
Since all the y^'s are in the same free homotopy class, a = [ry„] is constant in n. Let oj be 
a closed (bounded) 1-form and [oj] G ff^(M, M) its cohomology class. Observe that oj has 
linear growth, in particular lo ^ T . Then 

uj dfj, = lim / uj dfim = hm f ^ 

= lim-^-([w],a) = 0. 

□ 
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Finally, we prove that the L + k action of fj, is zero. Since L is quadratic at infinity then 
L e J^. By (jHTj) . we have that 



/ [L + k]dn = Urn / [L + k] dfin. 



lim ■ „ 

Tn. + 1 



This finishes the proof of Proposition □ 



4. ENERGY LEVELS SATISFYING THE PALAIS-SMALE CONDITION. 

In this section we prove corollary El Let L = L : TM ^ M be the hft of L to the 
universal cover M of M. 

4.1. Lemma. Given Tq,Ai > there is R = R{k,TQ,Ai) such that if < T < Tq 
y £ C'"'{[0,T],M) and Ai^j^iy) < Ai, then d{y{0),y{t)) < R for all t £ [0,T]. 

Proof: By the superlinearity there is 6 > such that L(x, v) > — ^ for all (x, v) G TM. 
We have that 

d(y(0),y(t)) < / \y\dt< [ [L{y,y) + b] dt < Ai + (b - k)To. 
Jo Jo 

□ 

4.2. Lemma. Identify = [0, l]/o = i- 

Let a G [S^, M] be a free homotopy class of closed curves in M. If k > Cu{L) then 

mi{Ak{x,T) \ x e a, T > 0} > -oo. 

Proof: Fix y £ a. Using the homotopy between x and y, there are points p € y{[0, 1]), 
q G a;([0, 1]) and a curve z : [0, 1] M, with z{0) = p, z{\) = q such that z*x* z^^ * y^^ 
is homotopic to a point. We can assume that x(0) = q and y(0) = p. Then there are 
lifts X, y, zo, z\ of X, y, z such that * 5^ * -^f^ * ^ closed curve in M. Let be 

the deck transformation of the covering M ^ M such that ^{^zq) = z\. Let x„ := (/?"(x), 
:= and z„ := '-p^iz). Since the curves * x„ * z~\^ * y;^^ = (/^^C^o * x * if^ * y"^) 

are closed in M, the curves z„ * x„ * and y„ have the same endpoints. Hence the 

curve w := zq-^ {x -^xx - ■ ■ * x„) * * (y,^^ * • • • * y^^ * y^^) is closed in M. Given T > 
let S" := 1 + (n + 1) T + 1 + (n + 1) and r/(t) := w{t/S). Since A; > c„(L), 

^Z+fc(^) = -^kiz, 1) + n A(a;,T) + Ak{z-^ , 1) + n A(y~\ 1) > 0. 
Dividing by re, 

iA(^,l)+A(a;,T) + iA(x-\l) > -Ak{y-\l). 
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Letting n +00 we get that for all T > and x G cr 

Ak{x,T) > -Ak{y'\l). 

□ 

Proof of Corollary IbI Let Ai be a connected component of i7M('70)9i) or A^- Let 
(x„,T„) be a sequence in Ai such that 

\Akixn,Tn)\ < Ai and < ^• 

Claim: If the energy level E^^{k} does not contain singularities of the Euler-Lagrange 
flow and Tn is bounded from above then there is a convergent subsequence of {xn,Tn). 



Proof: By Lemma H?T1 the curves x„ stay in a compact ball B{qQ, R). Hence we can apply 
propositions 13.81 and 13.121 By Proposition 13.81 (| i Hl . liminf„T„ > 0. Since T„ is bounded, 
by proposition 13.121 (x„,T„) has a convergent subsequence, and so does (x„,r„). 



Suppose that k > c„. If (x„,r„) G Ai C QMiqo,qi) let {zn,Sn) 
Am- If {xn,Tn) e Ai C Am let {zn,Sn) = {xn,Tn). By LemmalOl B := ini n Ac^{zn, Sn) 
is finite and then 

Al > Ak{Zn, Sn) > Ac^ {Zn, Sn) + (k - Cu) Sn > B + {k - 

Cm) Sri' 

Hence 5„ is bounded and then T„ is bounded. Since k > Cu > cq, the energy level E''^{k} 
does not contain singularities of the Euler-Lagrange flow. By the claim, (x„,r„) has a 
convergent subsequence. 

Now assume that Ai C O,MiQ0iQi)- Since all the curves y„ have the same homotopy 
class with fixed endpoints there are lifts %, qi £ M of qo, qi and lifts Xn of x„ such that 
for all n, (5„,T„) G n^j{qo,qi). 

Suppose that /ic„ = +00. Since 

Al > Ac^{Xn,Tn) > ^Cu{QO,qi;Tn) 

and 

hcu{Qo,qi) = liminf $c„(go,gi;r) = +00, 

i — >+oo 

we have that the sequence T„ is bounded. If E^^{cu} contains a singularity {q2, 0) of the 
Euler-Lagrange flow then L(q2,0) -|- c^j = and 



h, 



(92,92) < liminf / [L{q2,0) + Cu] dt = 0. 
Jo 



This contradicts /ic„ = +00. By the claim, {xn,Tn) has a convergent subsequence. 

If /ic„ ^ +00, the same proof of Theorem C in [6' applies to our action functional Ac^ 
with our riemannian metric, showing that Ac^ does not satisfy the Palais-Smale condition. 
Indeed, the Palais-Smale sequence (x„,T„) obtained there has lim„T„ = +00 and is made 
with solutions of the Euler-Lagrange equation joining any two given points %, qi in the 
universal cover M. Take their projections Xn ■= vr o x„. Then the curves Xn are in the 
same homotopy class. Also S:Acu{xn,Tn) = 0, and the theorem proves that 



\d(x„,T„)Ac^\ 



dx ' 
dAc 



dT 



0. □ 
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5. The mountain pass geometry. 



In this section we show that a smah closed curve of a given length i inside the projection 
of the energy level E^^{k} has positive {L + k) action bounded away from zero. This gives 
a mountain pass geometry when we consider families of curves going from a constant curve, 
with arbitrarily small action, to a curve with negative action^ . 

In the case of closed curves in Am without a basepoint, we need that k > eo{L), because 
otherwise, a family of curves could move by constant curves until it leaves the projection 
7r{E~^{k}), where it already becomes negative, without passing through a curve of length 
i inside TT{E-^{k}). 

5.1. Lemma. Let Ox be a 1-form in M . Let xq ^ M and xq £ V C M be a neighbourhood 
of xq. Then there exists an open ball U (^V centered at xq in M and 6 > such that if 'y 
is a closed curve in U then 

< b ■ length (7)^. 



Proof: 

Shrinking V if necessary and using a local chart, we can assume that V is a closed ball 



in M™ with the euclidean metric. Moreover, we can assume that 7(0) = E V C 
6 > be such that \dxO{u,v)\ < b \u\ 
closed curve. Let F : [0, 1] x [0, T] 



\v\ for all u,ve M™, xeV. Let 7 : [0,r] 
V be defined by F{s,t) := s^{t). Then 



l"". Let 
y be a 



dx 



< 



Jo 



T 



dF 



ds 



dF 



dt 



dt ds 



|7(t)| -s |7(t)| dtds 



< b 



Jo 



£{j) ■ s \j{t)\ dtds 



<b / £{-/)■ se{-f)ds<b-£{jy, 
Jo 

where ^(7) is the length of 7. Now let U be an open ball for the Riemannian metric 
centered at xq and contained in V. 

□ 

Proposition O 

Let Xq G M and k > E{xo,0). Then there exists c > such that if T : [0,1] 
^Alixo, Xq) is a path joining a constant loop r(0) = xq : [0,T] {xo} C M (with 
any T > 0) to any closed loop r(l) G flMixo, xq) with negative (L + k)-action, 
AL+k{T{l)) < 0, then 

sup AL+k{^{s)) > 0. 

sG[0,l] 



^This resembles the phrase by Taimanov in j32j : "constant curves are local minimizers of the action" 
for magnetic flows. But in our case the constant curves are not critical points for Ak, because they don't 
have energy k, and also the gradient flow of —Ak is not complete on a constant curve (a:o,r) because T 
reaches zero at a finite gradient flow time. 
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((21) Let k > eQ{L). Then there exists c > such that if T : [0,1] Am is a path 
joining any constant curve T(0) = xq : [0,T] {xo} C M to any closed curve 
r(l) with negative {L + k)-action, yl2.+fc(r(l)) < 0, then 

sup AL+k{T{s)) > c> 0. 

sG[0,l] 

Proof: 

(dJ). Let di G M be such that 

£'(xo,0) = -i^{xQ) < di < k. 
Let y be a neighbourhood of xq such that 

inf ip{x) > —di. 

Write, as in Lemma \'6.1l 

L{x, v) > \v\l + 6x{v) + i^{x), 

where 9x{v) := L^{x,Qi) ■ v, ^(x) := L{x,0) and a := inft,{f • L,uy{x,v) ■ v}/\v\'^ > 0. 
Let U C y be an open bah centered at xq given by Lemma IS.ll for (xq, V). Let 



(62) 0<£o< min 1 1 diam(f/), ^ ^^^^ | • 

Claim: There exists < sq < 1 such that length(r(so)) = io- 

Proof: Suppose that T{si) (/L U for some si G [0, 1]. Since s i— > length(r(s)) is continuous, 
length(r(0)) = and length(r(si)) > d{xo,U'') > \ diam(C/) > 4; then there exists 
< So < si such that length(r(so)) = (.q < ^diam(C/). 

Now assume that T{s) C U for ah s £ [0,1]. Writing 71 := r(l) : [0,ri] M and 
ii = length(7i). By lemma we have that 

0> AL+k{li)>l [ ' a\^i\^ dt- [ 9^ + [ 

^ Jo J-yi Jo 



V'(7i(t)) dt + kTi 



a 



> o / l^il' dt-b£l + {k-di)Ti. 
^ Jo 



By the Cauchy-Schwartz inequahty, 

Ti dt> dt^ 

Hence 

(63) > ^L+fc(7i) > -b^ il + ik- di) Ti. 

Since {k - di) > and Ti > 0, then ^ - b <0, i.e. 
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From (|6Hj> . we have that 



li > 



{k-di)Ti {k-di)Ti a{k-di) 



h s_ 



> 



> 



> 







b ' 262 ^ ^0- 
Since length(r(0)) = 0, there is sq G [0, 1] with length(r(so)) = 4- 

Since length(r(so)) = < ^diamf/, U is an open ball centered at xq and r(so) G 
^m{xq-,xq)^ we have that r(so) C U. In particular, the right estimate in holds for 
r(so). Let 



f{t) :=(^-0 il + {k-d,)t. 



If r(so) : [0, To] ^ M, then 

AL+k{T{so)) > fin) > mm f{t) 

because 

4 < 

(j2l). Since k > eo{L), 



yj2a{k - di) -bio 



= : c> 0, 



a{k — di) a/2 a (A; — di) 
2&2 < 6 ■ 



(64) 



k > sup E{x,0) = eo(T). 



Let Ui, . . . , Un be a finite cover of M by open balls given by Lemma fS.ll with corresponding 
constants 6j = bi[Ui) > 0. Let tq > be such that any ball of radius ro in M is contained 
in one Ui. Write b = maxi<j<Ar bi and let 



(65) 



< £o < mill { ^0 ) 



a{k- eo) 



2 62 



Let r : [0, 1] Am be a path joining a constant curve r(0) = xq : [0, T] {xq} C M to 
a closed curve r(l) with negative (L + A;)-action, ^2.+fc(r(l)) < 0. 

Claim: There is so G [0, 1] such that length(r(so)) = io- 

Proof: Suppose that length(r(s)) < io for all s G [0, 1]. Since £o < "'^O; for each s £ [0, 1], 
r(s) is contained in some Ui. From (|64|1 we have that ip{x) = —E{x,0) > —eo for all 
X G M. Let ^1 := length(r(l)). Then the same argument as in item proves that 

2 ajk-eo) 2 
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Therefore there is sq G [0, 1] such that length(r(so)) = io- 
Let 







Since length(r(so)) = £o < ro, r(so) is contained in some Ui and we can apply Lemma I^TTl 
Therefore, if r(so) : [0, To] M, then 



AL+kiTiso)) > gin) > mm g{t) 



V2a{k-eo)-bio 



c> 0, 
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because 



la{k - eo) ^ ^2a{k- cq) 
262 < 6 • 



□ 



6. Some results on Morse theory 

Let X be an open set in a Riemannian manifold and / : X ^ M be a map. Observe 
that if the vector field —V/ is not globally Lipschitz, the gradient flow ipt oi —f is a priori 
only a local flow. Given p £ X , t > 0, define 

a{p) := sup{ a > \ s ^ ips{p) is defined on s G [0, a] }. 

We say that the flow tpt of —V/ is relatively complete on [a < f < b] if for a < f[p) < b, 
either a{p) = +oo or /{ip/sip)) < a for some < (3 < a{p) . 

We say that a function t : X ^ [0, +oo[ is an admissible time if r is differentiable and 
< t{x) < a{x) for all x X. Given and admissible time r and a subset F C X, define 

Ft ■.= {tprix){x)\x e F}. 

Given a closed subset B <^ X, we say that the function / satisfies the Palais- Smale con- 
dition restricted to B at level c, {PS)c^b, if any sequence {xn} C B with lim„ = 
and lim„ /(a;„) = c has a convergent subsequence. 

Given c G M, 5 > and a closed subset B C X, define 

K,,B: = {xeB\f{x) = c, dfix)=0}, 
Wc,s,B : = {x£B\ d{x, Kc,b) <S}, 
Vc,6,B: = {xeB \ \\dfix)\\<6, \fix)-c\<6}. 

6.1. Lemma. Let X be a Riemannian manifold and / : X ^ M a function. 
If f satisfies the Palais-Smale condition {PS)c,b o-t level c restricted to B, then 

(i) Kc^B is compact. 

(ii) The family {Wc,<5,b}(5>o is a fundamental system of neighbourhoods of Kc^b relative 
to B. ' 

(iii) The family {Vc,5,b}s>o is a fundamental system of neighbourhoods of Kc,B relative 
to B. ^ ^ 

Proof: 

(P). By (PS)c,B any sequence in Kc^b has a convergent subsequence. Since df is con- 
tinuous and B is closed, the limit is also in Kc^b- 

Suppose item ^ is false. Then there is a relative neighbourhood U of i^c,_B with 
Kc,B C U C B, and a sequence Xn G Wc^i/n,B U'^. Then there is a sequence S i^c,_B 
such that d{xn,yn) < ^- Since Kc^b is compact there is a convergent subsequence z = 
lim^y^^ e i^c,B- Also, limfca^n^. = z £ Kc^b- This contradicts Xn^U for all n. 

(juH). Suppose item (juHl is false. Then there is a relative neighbourhood U of iCcB with 
-f^c.B C U C B and a sequence x„ S ^'^^ I^Y (-P'S')c,B there is a convergent 

subsequence z = lim^ Xri^.. Since f £ , z £ Kc^b- This contradicts Xn ^ U for all n. 

□ 
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6.2. Lemma. Let X be a Riemannian manifold and B C A G X closed subsets such that 
A contains the ei -neighbourhood of B: 

{xGX|3yG5, d{x,y) <ei} C A. 

Let f : X ^ R be a C"^ function. Let c G M and suppose that 

(i) / satisfies the Palais-Smale condition {PS)c,a <it level c restricted to A. 

(ii) The flow of —V/ is relatively complete on [\f — c\ < £2] for some £2 > 0. 

Given any neighbourhood N of Kc^a relative to A and £3 > 0, there are Q < e < 5 < £3, 
such that for all < X < e there is an admissible time t{x) such that 

Fr <^ NU[f <c- X] and t{x) = on [\f - c\ > 6], 

where F = {[f < c + e] H B) U [f < c - X]. 

Proof: By Lemma l6. 11 there are < 6, p, rj < min{ £2, £3, 1 } such that 

Vc,5,A C Wc,p,A C Wc,2p,A C Vc,rj,A C N C A. 

Let 

£ := i min | ^, £2, £3, f-, ^ } • 
Let h : X ^ \0A] he a smooth function such that 



h{x) 



if xe Vs. U[|/(x)-c| >S], 



' 2 



1 if xG (y,,5,A)'=n[|/(x)-c| < |]. 



Since / is C^, the vector field Y{x) := —h{x)Vf{x) is locally Lipschitz. Since 6 < £2, 
by the hypothesis the flow rjs of Y is complete. 

Let tpt be the flow of —V/. Define t{x) by V't(x)(3^) = Vii^)- We show that t{x) is an 
admissible time. Write r]s{x) = tpt(s){x)i then 



Y{7is{x)) = -h{vs{x)) Vfivsix)) = -f Vfivsix)) 



So that ^ = h{r]s{x)) and 



t{x) = / h{r]s{x)) ds < 1. 

JO 

Therefore t(x) is finite and differentiable. 

Let X G F. If X ^ B then /(x) < c — A and hence /(r/i(x)) < /(x) < c — A. 

Let X G F n B. We can assume \ f{ris{x)) — c| < | for all s G [0, 1]. For, if not, since 
s 1-^ f{Vs{x)) is non-increasing and at s = 0, /(x) <c-|-£<c-|-|, then we already have 
that 

fi^ri.){x)) = fiVlix)) = inf ^ fivsix)) < c - I < c - £. 

We can also assume that 
(66) r],{x)eA for ah s G [0,1]. 
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For, if not, since x = r]Q{x) £ F Ci B and A contains the £i -neighbourhood of B, 
El < length 

Jo 

\hf ||V/f J' < [/' 
/o J Lie 



[mi](^)] = [' \\Kvsix))VfiVsix))\\ ds 
Jo 



< 



h \\Vff ds 



And then 



fiVi{x)) = fix) - / {Vf,Y)ds<c + s 



h ||V/f ds 



< c + e — El < c — e. 

Suppose that x £ F n B and ris{x) ^ Vc^s,A for all s G [0, 1]. Then h{r]s{x)) = 1 for all 
s € [0,1]. By (jnni), Vsix) € An (Vc^s^aY for all s G [0,1], then ||V/(r/^(x))|| > 6 for all 
s £ [0,1]. Then, 



fimix))<c + e- [ 
Jo 



h{f{r,t{x))) \\Vf{r]t{x)W dt 
<c + e-6'^<c-e. 

Now suppose that x £ F n B, r]sg{x) £ Vc^s^a for some sq G [0, 1] and t]i{x) ^ N. Let 

si : = inf{ s > So I r]s{x) ^ Vc,s,a}, 

S2 : = inf{ s > si I t]s{x) ^ Vc,r,,A } < 1- 

By the image of [0, 1] 9 s rjs{x) is in A. Since the segment [si, S2] 1— > r]s{x) crosses 
the annulus of width p: Wc^2p,A \ Wc,p,A, inside of A; we have that 



p < length [?7[s^ 



< 



S2 



/i(7?,(x)) \\Vf{Ux))\\ ds 



1 

< - 

- 6 



S2 



h \\Vff ds, because ri]suS2[i^) An (yc,s,AT- 



Since S2 < 1, 



fiViix)) <c + e 



h ||V/f ds 



Therefore 



< c + e — p6 < c — e. 
Fr = m{F)^NU[f<c-e]. 



□ 



Given a function / : X — > M on a topological space X, we say that x G X is a strict 
local minimizer of / if there is a neighbourhood V x in X such that f{y) > f{x) for all 
y £V\{x}. 

Let ^ be a family of subsets F <Z X. We say that T is forward invariant Fr £ J- for 
all G and any admissible time r. Define 

c(/,-^) = inf sup f{x). 

x&F 
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6.3. Proposition. Let X he a Riemannian manifold and / : X — > M a function. Let 
T he a family of subsets of X. Suppose that 

(i) The subsets F £ are connected. 

(ii) T is a forward invariant family. 

(iii) c := c(/,J^) G M. 

(iv) The flow of —V/ is relatively complete on [c — 82 < f < c + e2\ for some £2 > 0. 

(v) There is a closed subset B C X such that: 

Ve>0, 3Ae]0,e[, 3F e T such that F C B U [f < c - X] and F C [/<c + e]. 

(vi) There is £1 > and a closed subset A G X which contains the ei-neighbourhood 
of B such that f satisfies the Palais-Smale condition {PS)c,a, restricted to A, at 
level c. 

Then Kc^a 7^ i-^- f has a critical point x in A with f{x) = c. 
Moreover, if 

(67) sup inf /(x) < c, 

then there is a point in K^^a which is not a strict local minimizer. 

6.4. Remark. It is enough to consider admissible times t(x) such that t{x) = if 
f{x) < c — 5 for some 5 > 0. For, the value of c{f,J-) does not change and the proof of 
Proposition 16.31 only uses that kind of admissible times. 

Proof: Suppose that Kc^a is empty. Let e, 6 > he given by Lemma 16.21 for N = f/> and 
ei, £2, and £3 = 1. By the hypothesis there is F £ such that F C BU[f < c — X] and 
F C [/ < c + e]. By Lemma 16.21 there is an admissible time r, with t = on [f < c — 5], 
such that F-r C [f < c — X]. This contradicts the definition of c{f,J-). 

Now suppose that -fCc,A consists entirely of strict local minimizers of / and that inequal- 
ity (|H7|) holds. Let eq > be such that 

(68) sup inf f{x) < c — 2eo- 

For each x £ Kc^a let N{x) be a neighbourhood of x such that /(y) > f{x) for all 
y £ N{x) \ {x}. Let 

A^o:= U N{x). 

Let := AnNo. 

Let < e < 6 < So he given by Lemma [6.21 for c, B, A and Nq. By hypothesis (jv() 
there are A g]0, e[ and F £ T such that F C S U [/ < c - A] and F C [/ < c + e]. By 
Lemma 16.21 there is an admissible time r such that T\^j^^_^j = and 

Fr <Z N U [f < c - X] ^ NqU [f < c - X]. 

By definition of A'^o, the sets A'o and f < c — X are disjoint, in particular, disconnected. 
By hypothesis (jU and ((ii)), F^- £ J- \s connected. Then the set F^- lies either in F,- C or 
Ft C [/ < c — A]. Since X < e < Eq and the value of / decreases under the flow of — V/, 
by (IMl), Fr n [/ < c - A] / 0. Hence F^ C [/ < c - A]. This contradicts the definition of 
c(/,^). 

□ 
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We shall use the following "mountain pass" theorem. 

6.5. Corollary. Let X be a Riemannian manifold and / : X ^ M a function. Let 
p,q G X and 

c := inf sup f{j{s)), 

where T := { 7 : [0, 1] ^ ^ | 7 G C°, 7(0) = p, 7(1) =q}. 
Suppose that 

(i) c G M. 

(ii) The flow of —V/ is relatively complete on [c — 62 < f < c + 62] for some £2 > 0. 

(iii) max{/(p), f{q)} < c. 

(iv) There are closed subsets B G A G X such that 

(a) / satisfies the Palais-Smale condition {PS)c,a, restricted to A, at level c. 

(b) For some ei > 0, A contains the £i-neighbourhood of B. 

(c) For all e > 0, there are Ag G]0, e[ and 7^ S F such that 

7e([0, l])c{BU[f<c- A,]) n [/ < c + £]. 
Then c is a critical value of f. Moreover the set 

Kc,A-={xeX \xeA, df{x) = 0, f{x) = c } 
contains a point which is not a strict local minimizer. 

Proof: Let := {7([0,1])|7 G C^{[0,1],X), 7(0) = p, 7(1) = q}. Let 5 > be such 
that max{/(p), f{q)} < c — 2 6. Then c = c(/, J-', B) and the family T is forward invariant 
when we consider only admissible times t(x) such that t(x) = when f{x) < c — 6. Then 
Proposition 16. 31 and Remark 16.41 prove that Kc^a 7^ and that Kc^a contains a point which 
is not a strict local minimizer. 

□ 

Applying Proposition 16 .31 to the family of subsets F = {p}, p £ X, and B = A = X, we 
obtain 

6.6. Corollary. 

Let X be a Riemannian manifold and f : X a C"^ function. Suppose that 

(i) c := infa;gx f{x) > -00. 

(ii) The flow of —Vf is relatively complete on [c — e < f < c + e] for some e > 0. 

(iii) / satisfies the Palais-Smale condition {PS)c at level c. 

Then c is a critical value of f. 

Now we concentrate on the relative completeness condition for the action functional 
Ak- For completeness we present the following statement: 

6.7. Lemma. Suppose that f : X ^ is C'^ , ipt is the gradient flow of —f and the subset 
[a < f < b] C X is complete. Then the flow ipt is relatively complete on [a < f < b]. 
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This lemma can be found in Lemma 22], but its proof is similar to the first part of the 
proof of Lemma EH below. Recall from remark 13.111 that the spaces Km and VLMiqa, qi) are 
not complete with our riemannian metric. Also the gradient flow of —Ak is not complete 
as the following example shows. 

6.8. Example. The gradient flow of —Ak is not complete. 

Let (gojO) be a fixed point of the Euler-Lagrange flow, let xq : [0,1] {qo} be the 
constant curve, let T > and let y{t) = x{t/T). Since xq is a solution of the Euler- 
Lagrange equation, from 0, we have that the partial derivative {dx Ak){x,T) = 0. But 



dAk 



dT 



{x,T) 



[ [k-E{qo,0)] dt = k-E{qo,0). 
Jo 



Suppose that k > E{qQ, 0). Let a := k — E{qQ,0) > 0. Since the metric on the M"^ factor of 
X is the euclidean metric, the gradient flow 'i/g of —Ak on (x, T) has differential 
equations ^ = and ^ = — a. Then 

^s{x,T) = {x,T-as), 

which leaves the space 7i^{M) x through (x,0) in finite time. 

One could change the riemannian metric ((21) in such a way that 7i^{M) x {0} lies "at 
infinity", for example replacing the first term in ((21), ^ by a(3/T. In that case the Hilbert 
manifolds Am and Q.M{qQ-,qi) become complete and the gradient flow of —Ak becomes 
relatively complete by Lemma 16.71 Indeed, in the example above we would have 



dAk 



dT 



■ a = aa = — (aaT) = {aT, a)T- 

{x,T) T 



Thus the projection V^Ak to the M"*" component of TL^{M) x of the gradient of Ak 
is aT. The differential equations for '^g become ^ = 0, ^ = —aT and ipsi^jT) = 
{x,Te-'''). 

Nevertheless, such a change in the riemannian metric would give a weaker hypothesis 
in Proposition 13.81 inequality ()29() would have a factor T„ on the right hand side. Indeed, 
Proposition 13.81 would be false. Items ((H), ^ and ((iv)) would still hold but not item ((ml). 
In the example above, the sequence {xn,Tn 

) = ^n{x,T) = (x,re-"") would satisfy 
Ak{xn,Tn) = Te-"" [L{x, 0) + A;] ^ 0, 



dTAk{Xn,Tn) ■ a I 



a • /J [k - E{x, 0)] ds 



so that it is a non-convergent Palais-Smale sequence, but the energy E{x, 0) = a is not 
converging to k. In fact the energy level E~^{k} could be a regular energy level, above 
the critical value, which has no invariant measure as that of theorem EI 



6.9. Lemma. For all /c G M, if ^ [a, b] C M, then the gradient flow of —Ak on Am or 
^m{c[o,Qi) is relatively complete on [a < Ak < b]. 



54 G. CONTRERAS 



Proof: Write f = Ak ■ —>■ IK [resp. f = Ak ■ O.M{qo,<li) 1^] and let ipt be the flow 
of y = -V/. Then 

(69) fii'tAp)) - fii'tM) = - r "^fiMp)) ■ Y{Mp)) ds = r \\Y{i;s{p))f ds. 



Jti Jti 
Moreover, using the Cauchy-Schwartz inequahty, we have that 

d{Mp),i^t,{p)f < \ r WYiMpM dsf < \t2-h\ r \\Y{Mp))f ds. 

Ljti J Jti 

Thus 

(70) d{i;tAp),^t2ip)? <\t2-ti\ \f{^tAp))- f{^tM)V 

Let / = [0, a[ a maximal interval of definition of 1 1-^ i^tip)- Suppose that a < f{iptip)) < b 
for < t < a < oo. By inequality (fTO]) . for any sequence t a we have that n i-^ (p) = 
[xs„,T{sn)) is a Cauchy sequence in Am n [a < / < 6] (resp. in Qm{qo, <?!) H [a < / < b]). 
Then 

To = limr(s) G [0 + oo[ exists. 

If < To < +00, since all such {ipsnip)}n are Cauchy sequences, then q = linisia ipsip) = 
ipa{p) exists. Since / is C^, we can extend the solution 1 1— > ipt{p) at t = a. This contradicts 
the definition of a. 

If To = 0, then there is a sequence Sn T « such that 

insn) < 0. 

Since L is quadratic at infinity, there exist constants oo, ai, ^O) bi, cq, ci > such that 

(71) Co — ci < L{x, v) + k < bo + bi, 

E{x, v) > ao \v\'^ — ai. 
Write T„ := T(s„), y„(t) := Xs„(t/T„). Then 



> i-T{sn) = -^ = -k + ^Jj E{yn,y^) dt > -k - + ^ 
Since lim„T„ = 0, this implies that 



|yn|^ dt. 



lim / \yn\ dt = 0. 



n 







Also, from dTTJ) 



Co 



/ - ci T„ < ^fc(a;s„, T„) < feo / l^nl^ + T„,- 

JO JO 



Hence lim„ ^^(xs,^, T„) = 0. This contradicts the hypothesis Ak{xs„,Tn) G [a,b] ^ 0. 



□ 



6.10. Corollary. For all /c G M, if qo,qi G M, qq ^ qi and 6 G M, then the gradient flow 
of —Ak on flMilo^Qi) is relatively complete on [Ak < b]. 
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Proof: By Lemma EiHl if Qo 7^ Qi then 

inf { T > I (x, T) G ftMiqo, Qi) n[Ak<b]}> 0. 
Therefore the case Tq = in the proof of Lemma 16.91 does not happen. 



□ 



6.11. Corollary. 

Let Ai be a connected component of Am or Qm{qo, Qo) 'with non-trivial homotopy class. 
For all k,b €M, the gradient flow of —Ak on Ai is relatively complete on [Ak ^ b]. 

Proof: By Lemma 13.71 the case Tq = in the proof of Lemma 16.91 does not happen. 

□ 



7. Generic Palais-Smale condition for the Mountain-Pass geometry. 
7.1. Proposition. Given 70, 71 G Aj\/ [resp. ^m{q.o-,(Ii)] let 

C(7o,7i) := { r : [0, 1] Am [resp. QM{qo,qi)] | T is continuous, T{0) = 70, r(l) = 71 }. 
For k £R, let 

c(k) := inf max Ak(^(s)). 

rGC(7o,7i) se[o,i] 

Suppose that for some ko we have that c(A;o) 7^ and 

c{ko) > max{ Ao(7o), Ao(7i)} 
Then there exists e > such that for Lebesgue almost every k gJ/cqj^o + ^[7 is a 
critical value for Ak on Am [resp. ^}m{qo,Qi)]) with a critical point which is not a strict 
local minimizer. 

Proof: Observe that for all A; G M, the number c{k) is finite and c{k) > max{ .4^(70), .4.^(71) }. 
Since for all 7 G Am [resp. (go) Q'l)]; the function k ^^(7) is non-decreasing, then 
k I— > c{k) is non-decreasing. By the continuity of Ak on k, the functions k ^ Akijo) and 
k !—>■ Aki'yi) are continuous. Let e > be such that^ 

(72) max { Akilo), A(7i) } < c{ko) < c{k) / for all ko < k < ko + e. 

Write Ig :=]ko, ko + e[. Since the function c : le ^ M is non-decreasing, by Lebesgue's 
Theorem there is a total measure subset of where c(-) is locally Lipschitz, i.e. the subset 

/C := { G 4 I 3M > 0, 36o > 0, \/\6\ < 60 : \c{k + S) - c{k)\ < M \6\ } 

has total Lebesgue measure in 1^. 

Now fix A; G /C and a sequence kn > k with lim„ kn = k. By the definition of e in (|72)) 
the functionals Ak„ , Ak both show a mountain pass geometry with the same set of paths 
C(7o,7i)- 

Let r„ G C(7o,7i) be a path such that 

(73) max ^fc„(r„(s)) < c(/c„) + (/c„ - k). 

sG[0,1] 

^Observe that the function k 1-^ c{k) may be discontinuous, in particular, we allow ko to be a disconti- 
nuity point for k 1— > c(fc). 
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Let M = M{k) > be given by the property A; G /C. Let B C A C Aj\,/ [resp. Jl^f (go, Qi)] 
be the closed subsets defined by 

B: = {{x,T)e Am [resp. I^mI^o, Qi)] \ T<M + 2}, 
A: = {{x,T)e Am [resp. I^mI^o, Qi)] \ T<M + 3}. 

Then A contains the ^-neighbourhood of A in Am [resp. ^m{qo,Qi)]- Since from ((72), 
c(A;) 7^ 0, by Propositions 13.1'^ and IS^ (|H). the functional Ak satisfies the Palais-Smale 
condition restricted to A, at level c{k). 

By the choice k G IC, the function k i— > c{k) is continuous at k. Since k i— > ^fe(7) is 
increasing, 

max Ak{Tn{s)) < max Ak^{Tn{s)) < c{kn) + {kn - k) ^ c{k). 

sg[0,l] - sG[0,1] 

If s G [0, 1] is such that 

Ak{Tn{s)) > c{k) - {kn-k), 

then r„(s) = (x,T) with 

^ ^ A„(r„(.)) - AkiXnis)) ^ Cjk.) - m ^ ^ ^ ^^^^ ^ ^ 

if n is large enough. 

Given 5 > 0, let n be large enough so that 

c{kn) - c{k) + (kn - k) < S, 
< A„ := {kn -k) <6. 

Then 

r„([o, 1]) c u [Ak < c{k) - \n]) n [Ak < c{k) + 5]. 

Since c(fc) ^ 0, by Lemma HOIl the gradient flow of —Ak is relatively complete on [c{k) — 
£,c{k) + e] for some e > 0. Now Corollarv 16.51 implies that Ak has a critical point in A 
which is not a strict local minimizer. □ 



8. The displacement energy. 

Write / := [0, 1]. Given a subset A C T*M let Hc{I x A) be the set of smooth functions 
H : IxT*M — > R whose support is compact and contained in Ix^. To such H £ 7ic{IxA) 
we associate its Hamiltonian vector field Xjjt, defined by uj{XHt,') = —dHt{-), where 
iJ = dpAdx and its corresponding Hamiltonian flow hf. The set of functions in TCc{I x A) 
which do not depend on t G / is denoted by TCc{A). 

We say that F G TCc{A) is slow if all non-constant contractible (in T*M) periodic orbits 
of its hamiltonian flow ft have period > 1. Define the 7ri-sensitive Hofer-Zehnder capacity 
of A by 

Chz{A, T*M, uj) := sup { max F | F G Wc(int A) is slow }. 

The equivalence of this definition of the Hofer-Zehnder capacity with the original definition 
in |12j is proven in theorem 2.9 of |inj . 
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Given H G Tic^ x A) define its norm \\H\\ as 



\H\\:= [ ( sup H{t,z) - inf H{t,z)] dt. 
Jo \zeA zeA J 



The displacement energy e{A,T* M,uj) of a compact subset A C T*M is defined as 

e{A,T*M,io) :=inf{||if|| | H eHdl xT*M), n yl = }, 

where hi is the time 1 map of the hamiltonian flow of H. 

8.1. Lemma. Given an open subset U C M there is a smooth function : M ^ M whose 
critical points are all in U . 

Proof: Let / : M — > M be a Morse function. Its set of critical points C(/) = { xi, . . . , xn } 
is finite. Let {7i}^i be a collection of disjoint smooth curves : [0, 1] —>■ M such that 
7i(0) = Xi and 7i(l) S U. Let be a collection of disjoint tubular neighbourhoods 

of the curves 7^. For each i, let hi be a smooth diffeomorphism of M with support in Bi 
such that /ij(7j(l)) = rcj. Now let (p = f o hi o ■ ■ ■ o hj^. □ 

8.2. Proposition. //A; < eo(L) then e{[E < k],T*M,uj) < +00. 

Proof: Since k < eo{L) then U := M \tt{[E < k]) is a non-empty open subset of M. Let 
(/) : M — > M be a smooth function such that all its critical points are in U. Let G := V(/) 
be the gradient vector field of (p and (74 its gradient flow. The w-limit of every orbit of gt 
is a critical point of (p which is inside U. Since M \ U is compact, there is a finite time 
T > such that gxiM \U) C U. Let F = T ■ G, then its time-l-flow fi = qt satisfies 
fi{M\U) C U. 

Let R : T*M ^ M be R{x,p) := {p, F{x))x- The Hamiltonian equations for R are 

x= VpR{x,p) = F{x), 
P = -^xR{x,p) = -p ■ D^F. 
In particular, the Hamiltonian flow rt of R lifts the flow ft. Hence 

ri{[E < k]) C ri{TT-\M \ U)) C tt^HU). 

Let 

A:=l + sup{ \rt{x,p)\ \ H{x,p) < k, t e [0, 1] }. 
Let A : M — > [0,-|-oo[ be a smooth function such that A(r) = 1 if |r| < ^4 and A(r) = 
if |r| > A + 1. Now let S : T*M ^ M be S{x,p) := Xi\p\x) We have that 

5 has compact support and its flow st satisfies st{x,p) = rt{x,p) when t £ [0,1] and 
H{x,p) < k. In particular si{[H < k]) D [H < k] = h because si{[H < k]) C n-^iU). 
Therefore e{[H < k],T*M,uj) < \\S\\ < +00. 

□ 

8.3. Corollary. For Lebesgue almost every k < eQ{L) the energy level [E = k] has a 
periodic orbit which is contractible in M . 

Proof: By theorem 1.3 in j22j (also P), c°jjz{AT*M,io) < 4 e{A,T*M,uj). From Propo- 
sition IHS we get that c°fjz{[E < k],T*M,uj) < +00 for ah k < eo{L). A standard 
argument using the Hofer-Zehnder capacity |12| p. 118-119] shows that almost all energy 
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levels [E = k], k < cq^L) have a periodic orbit which is contractible in T*AI but pos- 
sibly non-contractible in [E < k]. Since T*M retracts to the zero section M x {0}, the 
projection of the closed orbit to M is contractible in M. □ 



9. Loops, closed orbits and conjugate points. 
Proof of Theorem ^ 

(j^. We first prove that for all k > Cu{L), E^^{k} contains a periodic orbit. By 
Corollary IbI Ak satisfies the Palais-Smale condition. 

If 7ri(M) 7^ 0, by Lemma 14.21 Ak is bounded below on each non-trivial free homotopy 
class a G [S^,M]. Let A^- be the connected component of Am corresponding to a. By 
Corollary 16.111 the gradient flow of —Ak is relatively complete on [Ak ^ b]n for any 
6 G M. By corollary 16.61 there is a minimizer of Ak on A^-. 

If 7ri(M) = 0, then c„(L) = co{L) = c{L) and k > c{L). Since M is closed, there is 
some non-trivial homotopy group 7ri{M) ^ 0. Choose a non-trivial free homotopy class 
7^ o" G [S"^, M]. A map f : ^ M with homotopy class a can be seen as a family F of 
closed curves in M (see e.g. page 37]). Let T the set of all such families corresponding 
to the homotopy class a. Clearly ^ is a forward invariant family. Since the homotopy 
class a is non-trivial, (c.f. QSl Th. 2.1.8, page 37]): 

inf sup length(x) =: a > 0. 

By the super linearity of L there is 6 > such that L{x, v) > \v\'^ — 2b for all (x, v) E TM. 
We can assume that b^ k. If (x,T) G Am is a closed curve with length i > a, bounded 
action Ak{x,T) < a and speed \v\, then 

T 

\v\' 









<T [ 


Jo 


Jo 



a>Ak{x,T)> / Ivl"^ -2bT + kT>—- {2b -k)T. 
Jo ^ 

Hence {2b - k)T'^ + aT - f > 0. Since T > and > we have that 



And then 



Thus 



_ -a+ Ja^ + 4{2b- k)a^ 

T > ^ — =:d>0. 

2{2b-k) 



Ak {x,T)> A,^L) {x,T) + [k- c{L)] T 
>0 + [k-c{L)]d>0. 



c{T) := inf sup Ak{x,T) >[k- c{L)] d > 0. 

{x,T)&F 



Since c{J-) ^ 0, Corollary IHl Lemma 16.91 and Proposition 16.31 with B = A = X = Am 
imply that there is a critical point on Am for Ak- 
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By definition of Cu{L), if eo{L) < k < Cu{L) then there is a closed curve (xi,Ti) G Am 
homotopic to a point, such that Ak{xi,Ti) < 0. Then Proposition O © and Proposi- 
tion [23 imply that for almost every k £]eo,Cu[ there is a critical point for Ak in Am with 
c{k) > 0: i.e. a periodic orbit with trivial homotopy class and positive (L + fc)-action 
which is not a strict local minimizer. 

The case k < cq^L) is proven in Corollarv l8..SI The closed orbit obtained in Corollarv l8.3l 
could be a singularity of the Euler-Lagrange flow. But in that case k is a critical value of 
the energy function. By Sard's theorem that can only happen on a set of measure zero of 
values of k. 

(jbj). For item ^ and k > Cu{L) the proofs are similar to those of item (j^ working 
on 1^^/(90) 90 )• Namely, if 7ri(M, go) 7^ one finds a minimizing loop in a non-trivial 
homotopy class. If 7ri(M, go) = we decompose a map (S"^, N.Pole) — > (M, go) in a non- 
trivial homotopy class of 7r^(M, go) into a family of closed loops in Q.M{qo-,qo)- 

For E'(go,0) < k < Cu{L), item © follows from Proposition [O © , and Proposition 17. II 
similarly to item (j^. 

If /c < c„ and the Palais-Smale condition holds, the proof is similar to items @ 
and (0, but now using Corollarv 16.51 with B = A = X instead of Proposition 17.11 

□ 

Now we will prove Theorem IeI Let H : T*M — > R be the hamiltonian associated to L 
and ipt its hamiltonian flow. Recall that two points 01,02 are said conjugate if there is 
r G M \ {0} such that 

02 = MOi) and de,MV{Oi))nVi02)^{O}, 

where V{0) := kerdgTr C Tg{TM) is the vertical subspace and vr : TM M is the 
projection. This definition coincides with the one given in page El because the Legendre 
transform v) = {x, Ly) maps the vertical subspace of T^^TM to the vertical subspace 
ofr^(..)T*M. 

9.1. Proposition. 

Suppose that the forward orbit of (xo,fo) has no conjugate points. Let 7 : [e,T] — > M 
be the solution ^{t) = 7r((/9f (xq, fo))- Let X£^t{s) '■= 7(e + s{T — e)), s S [0,1] and 
k := E{xo,vo). Then for all T > e > the solution {xs,t,T — e), is a strict local 
minimizer of the free time (L + k)-action Ak on r2j\,/(7(e), 7(T)). 

In jni page 663] we gave an example of an orbit segment (x, T = vr) which has no 
conjugate points and which is not a local minimizer of Ak on fij;/ (x(0), x(l)). But in that 
example the forward orbit of (x(0), ^^^) has a conjugate point at time t = 2tt (cf. it is 
the same lagrangian as in example A. 3, p. 949 in [^). 

Proof: Let H : T*M ^ M be the hamiltonian associated to L, ij^t its hamiltonian flow 
and X its hamiltonian vector field. Let ui = dp f\dx he the canonical symplectic form on 
T*M. Given 9 e R-^ik}, let 

S := H-^{k}, := T;^s)M n E, ¥{9) := ker devr = TeiT^^^-^M) and 
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Then TeS^(e) = V{e) n T^S and 

reA,(e) = {v{9) n TeS) e {x{e)) =-. w{e), 

By definition ixw = —dH, hence ix^Ity: = 0. Since the vertical subspace V{9) is la- 
grangian, we get that A^^q-^ is a invariant lagrangian submanifold of T*M inside the energy 
level S. Since V = ker dvr, the kernel of the projection dir\\^^g^ restricted to A^(g) is 

kerd^^(e)7r|A^^,, = ViM0)) dyJt{W{9)) . 

By Proposition 1.16 and Remark 1.17 in [1] if the whole forward orbit of 9 has no conjugate 
points then V{'ijjt{9)) H d^jJt(W{9)) = {0} for t > 0, and hence the derivative of the 
projection d^^(^g-^TT\/^^^g^ is injective along the forward orbit 'ipt{9), t > 0. If T > e > 0, 
then the projection Tr\\^^g^ is an immersion in a small tubular neighbourhood C A^(g-) C 
H''^{k} of the compact orbit segment V'[e,T](^)- 

Now fix ^0 '■= Ly{xo, vq). Observe that if the tubular neighbourhood A^ is small enough, 
then A^ is either contractible or A^ is homeomorphic to a solid torus and the orbit of 9q is 
periodic with period smaller than or equal to T — e. 

II {x,p) G N we have that 

k = H{x,p)= sup p-v — L{x,v). 

Since A" C H~^{k}, for any curve {z{s),q{s)) inside A", 

q{s) ■ z{s) < L{z, z) + k, 

with strict inequality if Ly{z, z) ^ q £ N. 

Now let {y,S) Q,m{i{£),^{T)) be a curve near {x^^TjT — e) in the metric of'H"'^(M)x 
M^. Since the time parameters S, T—e, are bounded, by Lemma [2.3( if (y, S) is sufficiently 
near {x^^t, T — e) then the Hausdorff distance (i//(y([0, 1]), X£_t([0, 1])) is small. In partic- 
ular, y is homotopic to Xe^x with fixed endpoints and y([0, 1]) C 7r{N). Let z(t) := y{tS) 
and let {z{s), q{s)) be the lift of z to A" with g(0) = ^e(0o)- Then (z, q) is homotopic in A'' 
to the orbit segment V'[e,r](^o) with fixed endpoints. Since A^ is a lagrangian submanifold 
of T*M, the Liouville 1-form pdx is closed on A^. Then 

(74) Ak{x,T - e) = f {L + k) = f pdx=(f) pdx < f {L + k) = Ak{y, S), 

with strict inequality if q{s) ^ L^{z,z) on a set of positive measure. Thus 7|[e,r] is a local 
minimum of the (L + A;)-action. 

We now see that 7|[e,T] is a strict local minimum of the (L + /c)-action. Let C : TM 
T*M be the Legendre transform C{x,v) = L^{x,v). Observe that the hamiltonian vector 
field X satisfies 

d-K o X{x,p) = C-^{x,p) for all {x,p) £ T*M. 

Suppose that (f71)) is an equality. Then q(s) = L^{z,z) E A^ for almost every s G [0,5]. 
Therefore 

(75) i = C^^{z,q) = dTr{X{z,q)) for almost every s G [0,5]. 
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Since z{s) is continuous, its lift q{s) is continuous. Hence, from (|7^ . its derivative i is 
continuous. Then equation (|75)) says that the curve z is an orbit of the projection of the 
hamiltonian vector field on N. Since X is tangent to N, N is ^/'t-invariant and the lift {z, q) 
is unique, we have that {z,q) must be an orbit of X. Since z{0) = 7(e) and {z{0),q{0)) = 
^c{9q), we have that z{t) = j{t) for all t G Since z{S) = Xe^T(l) = 7(2^)) either 

S = T — e or 9q is a periodic point and \S — {T — e)\ is a multiple of its period. Since we 
are assuming that \S — {T — e)\ is small, S = T — e. Therefore Q is a strict inequality 
unless {z, S) = {xs^t-, T — e). 



Proof of Theorem IeI 

Observe that the convexity of L implies'^ that min^izT^M E{x, v) = E{x, 0). If A; > em{L) 
then there is xq € M such that k > E{xo,0). Then Theorem ^ (jQ) says that for almost 
every k £]em{L), c„(-L)[ there is an orbit segment with energy k which is not a strict local 
minimizer of the action functional Ak- Then Proposition 19.11 implies that the forward 
orbit of the initial point of such orbit segment must have a conjugate point. From the 
definition of conjugate point and the continuity of the derivative of the hamiltonian flow, 
it is easy to see that having a conjugate point is an open condition. 

If for a specific k G]em(L), Cm(L)[, the energy level E~^{k} satisfies the Palais-Smale 
condition then the same argument, now using Theorem lDl(jc|) and Proposition 19. H implies 
that the energy level k has conjugate points. 



Proposition IfI follows from Corollarv IbI and Lemmas llU.ll and llU.2l below . 

Fix A; G R and let S := H-^{k} be the energy level. Let X be the hamiltonian vector 
field for H and ipt be its flow. Let vr : T*M — > M be the projection, iv = dp A dx the 
canonical symplectic form on T*M and Q = pdx the Liouville 1-form on T*M. 



Given ■i/'t-invariant Borel probability measure v supported on S, the Schwartzman as- 
ymptotic cycle Siu) G i7i(S,M) ^ H\i:,R)* of u is defined by 



for every closed 1-form rj on E. The map (vrls)^, : -ffi(S,M) — > Hi{M,M) maps S{i') to the 
homology class of i^. 

10.1. Lemma. IfT, is of contact type and vr* : Hi{T,,M) Hi{M,M.) is injective, then 
Ak satisfies the Palais-Smale condition. 

Proof: Let Q = p dx he Liouville 1-form. Observe that on the energy level S: 

e{X) = p- Hp = v L^ = L + k. 

Suppose that Ak does not satisfy the Palais-Smale condition. Let be the measure given 
by Theorem ^ and let v = (fi) be its push- forward under the Legendre transform 

^e.g. Lemma 



□ 



□ 



10. Proof of Proposition [f1 
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C{x,v) = L^{x,v). Let A be a contact-type form on S. Since X{X) ^ 0, A(X) has a single 
sign on each connected component of //^^{A;}, in particular in the support of v. Since 
d\ = uj = dQ, the form r/ := A — © is closed on S. Since it^{S{i')) = p{fi) = and tt* is 
injective, S{i') = 0. Then 

AL+ki^^)= [ Q{X)diy + 0= [ Q{X)diy+{S{iy),[rj]) 

JT. JY. 

(76) = f {Q + r]){X) dv = [ X{X)du^O. 

JT. JT 

This contradicts Theorem 1X1 

□ 



10.2. Lemma. T/dimM > 2 and either 

• M ^T"^ or 

• M = and k < bq, 

then TT^ : ffi(I],R) Hi(M,M) is an isomorphism. 

In the following proof we shall use the lagrangian^ version E = E~^{k}. Its intersections 
with the fibers of TM, E n TxM are convex subsets containing (x, 0) in its interior which 
are either homeomorphic to a sphere S^~^ or to a point, when E{x,0) = k. 

Proof: Suppose first that k > eo{L) and M 7^ T^. 

Since k > eo{L), the energy level S := E~^{k} is isomorphic to the unit tangent bundle 
of M with the projection vr : S — > M. If M is orientable, the Lemma follows from an 
argument using the Gysin exact sequence, e.g. |25[ Lemma 1.45]. 

If M is not orientable and n = dimM > 3, from the exact homotopy sequence of the 
fiber bundle vr : S ^ M: 

= 7Ti{S^~') ^ 7ri(S) ^ ^i(M) 7ro(5"-i) = 0, 

we get that vr* : '/ri(S) — > 7ri(M) is an isomorphism. This implies that vr* : — > 
Hi{M,'K) is an isomorphism. 

If M is not orientable and dimM = 2, from the homotopy sequence above we get an 
isomorphism / : 7ri(i;)/imi, 7ri(M). Let h : 7ri(M) Hi{M,R) and k : 7ri(S) 
Hi{T,,M.) be the natural homomorphisms. We show that imz^, C ker/c and therefore, k 
induces a homomorphism ki : vri(S)/imi, ffi(S,R). Indeed, the fiber F = lies inside 
a Klein bottle K inside S, which is 7r~^(7), where 7 is a closed curve containing the base 
point it{F) along which M is non-orientable. Then if 1^;^ is a generator of the fundamental 
group of the fiber l_p € Tri{F) = Z, its image i*(l_F) has order at most 2 in 7ri(S). Hence 
k{i^{lF)) = G Fi(S,M). 



'The hamiltonian version, T, = H ^{fc}, may not contain the zero section in its interior 
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The following diagram commutes. There ki and h are surjective and / is an isomor- 
phism. 

M^)/imu — ^ vri(M) 



ii"i(S,M) Hi{M,R) 

Then vr* is surjective. Suppose that 7r*(a) = 0. Let b G 7ri(S)/iinu be such that ki{b) = a 
and let c = Then h{c) = 0. Hence c is in the commutator subgroup of 7ri(M). 

Since / is an isomorphism, b is in the commutator subgroup of ni{T,)/irau- Therefore 
a = ki{b) = 0. Thus tt* is injective. 

Now assume that k < cq^L). Let B := vr(E) and let E := T^M be the restriction 
of the unit tangent bundle to B. Let = be the equivalence relation on E defined by 
{x, v) ~ (y, w) iff either (x, v) = {y, w) or E{x, 0) = k and x = y. Then the energy level S 
is homeomorphic to E/r^, i.e. the one point compactification of the fibers over the points 
X with E{x, 0) = k. 

We can assume that B is connected, for the connected components of S are in 1-1 
correspondence with the connected components of B under the projection tt. 

We can also assume that there is &i G 5 such that E{bi,0) ^ k. For, if not, then 
E~^{k} = {{x,0)\x & B} and the Lemma becomes trivial. 

Let p : E ^ B he the restriction of the projection of the unit tangent bundle and 
f : E ^ T, = Ej^ the canonical projection. Then p = tt o /. The homotopy exact 
sequence of the fibering S^~^ E B gives 

A, T,,{E,ei) ^ MBM) 7ro(5"-i) = 0. 

Then is an epimorphism and it induces an isomorphism g : 7ri(i?)/im tti{B). We 
see that imz* C ker/*, so that induces a homomorphism : vri(£')/imu vri(S). 
Indeed, if n > 3 then 7ri(5'"~^) = and then imi* = 0. If n = 2, let 1/? be a generator of 
the fundamental group of the fiber 7ri(S'"'^) = Z. Since k < cq^L) there is a point xi €z B 
such that E(xi,0) = k. Let A be a curve in B joining bi to xi. The fiber bundle E over 
the interval A is trivial E\\ Ri x [0, 1]. Observe that the inverse image 7r~^(A) C S has 
the topology of a cylinder with one of its boundary circles compactified to a point. Hence 
it is homeomorphic to a 2-disc, and the class li;' is represented by its boundary circle. 
Hence f*{u{lF)) = G 7ri(i;). 

We prove that tt* : 7ri(E) — iti{B) is an isomorphism. This implies the Lemma. Since 
g = TT^ o f^, it follows that is injective and vr* is surjective. In order to prove that vr* is 
injective it is enough to prove that /* is onto. Since /* and /* have the same image, it is 
enough to prove that is surjective. 

Let (Ti = /(ei) G S. Let F : {S^, 1) —>■ (S, cji) be a loop in E based at ai. We want a 
preimage under of the homotopy class of F. If F(.s) ^ for all s G S"^, such preimage 
is the homotopy class of = ]|^jfy]| • general, the problem is that such definition of 

may have no continuous extension to the s where F(s) = 0. Assume now that there is 
So e such that F(so) = 0. 
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Let 7 = TToT : 1) {B,bi) be the projection of T. Let C := {x e M\E{x,0) = k} 
and D := {t e \ ^{t) G C}. Then D is a compact subset of and its complement is 
a union of open intervals 1^. Choose any continuous loop Ag : {S^, 1) — {E, ei) such that 
p o = 7. 

The pullback of the sphere bundle E along each segment 7(/j) is trivial (7|/J*£^ 
li X 5""""^. Then the inverse image 7r~^{7(/i)} C S of the closed segment 7(/i) has the 
topology of a cylinder 5*"^^ x [0, 1] with its boundary spheres S^~^ x {0} and S"'~^ x {1} 
compactified to two points {A, B} or to a single point A = B. 

Both segments / o A^lj: and r|j7 must have the same endpoints A and B. Hence they 
are homotopic with fixed endpoints inside 7r~^{7(/j)} C S. Joint all these homotopies for 
each interval /j, to obtain a homotopy in E between / o Ag and F. Therefore /^([Ae]) = 
[r]G7ri(S). 

□ 
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Appendix A. A non ergodic measure in Theorem El 

Consider the flat metric on the 2-torus T^. Let X be a vector field with norm 1 on 
whose orbits form a Reeb foliation. Let L : TT^ ^ M be the lagrangian 

L{x,v) := \ \v-X{x)\^ . 

Its Euler-Lagrange flow is the same as the exact magnetic flow with lagrangian 

L{x,v) -\ = \ |vp - 

where T\x(y) = (X(x), v). It is easy to see from the definition of critical value that c(L) = 0. 
The vector field X has two closed orbits 71 and 72 with opposite homology classes. Since 
L > the Euler-Lagrange flow has only two ergodic invariant measures ^1, ^2, with 
zero L-action, corresponding to the periodic orbits Lj = The unique invariant 

probability /j with ^^(/i) = and zero homology class is /i = ^ /ii + ^ /i2. It follows that 
c„(L) = co{L) = c{L) = 0. Let L : Tm? ^ M be the hft of L to the universal cover m? of 

T2 




Figure ^ The left figure shows the flow lines of the vector field X in 
the example. The right figure shows a curve (a;„,T„) e JIa/ (<Zi, (72) in an 
unbounded Palais-Smale sequence. The probability measures associated to 
{Xn,Tn) converge to the non-ergodic measure | /xi + ^ H2, where /ii and fi2 
are the invariant probabilities for the Euler-Lagrange flow corresponding to 
the periodic solutions 71 and 72. 

It is easy to see that the Peierls barrier for L is finite, because one can join two points 
qo, qi £ M? by curves with bounded action which spend long time on a lift of 71 and come 
back on a lift of 72. Since the action of 71 and 72 is zero, the total action spent on them 
is bounded. By Corollary^ there is an unbounded Palais-Smale sequence {xn,Tn) with 
lim„T„ = +00. Nevertheless, there is no ergodic invariant probability in TM with zero 
action and zero homology class. 
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Appendix B. Energy levels of non-gontact type. 

The following theorem is not explicitly stated in j24j . 

B.l. Theorem (G. Paternain). Suppose that dimM > 2. 
If k > cq{L) then H~^{k} is of contact type. 

//M 7^ and Cu{L) < k < cq{L) then H~^{k} is not of contact type. 

There is an example in ^ of a lagrangian in for which the energy level E = co{L) is 
of contact type. 

As an application (c.f. [241 Th. 1.1]), if M admits a metric with negative curvature and 
if the Lagrangian flow on an energy level H~^{k} with Cu{L) < k < cq{L) is Anosov, then 
the strong stable and unstable subbundles i?***, -E"" can not be C^. For if they were C^, 
the form A defined by X{X) = 1 and AI^ssq^juu = is a contact form for H~^{k} (c.f. 
U. Hamendstadt p!ll, G. Paternain 2^ Th. 5.5]). Examples of such Anosov energy levels 
appear in G. Paternain & M. Paternain |26j . 

If S is a regular energy level, the Liouville measure m on S is the smooth measure 
induced by the volume form iy^^, where y is a vector field on T*M such that ojiY^ X) = 1 
on S. It is invariant under the hamiltonian flow because Lxiiy^"') = 0. We choose the 
orientation on S that makes m a positive measure. 

B.2. Lemma. 

If X is a 1-form on S such that d\ = lo and \{X) ^ then \{X) > on E. 
Proof: Let ^ be a 1-form on S. We have that 
i{X) iyuj"^ = ix{if\ iyw") +i^{ix iy '^") 

= ^ + ^ f\ix\n {iy ^) A a;"~^] because dim S = 2n — 1 

= i^ (na;(y,X) w""^ - O) because on S, ixoj = -dH = 

(77) =n^AL^"~^ 

We show first that the asymptotic cycle (c.f. page I61j) of the Liouville measure m is 
zero. Indeed, let := p dx be Liouville 1-form on T*M and r := A uj^~'^. If r/ is a 
closed 1-form on S then 7] A = rj A dr = d{ri A r). Hence by ((TTJ, 

/ r]{X) dm= r]{X) iyuj'' = n r] A u"'^ = n d{r]AT)=0. 

Since X{X) 7^ on S, it is enough to prove that for any connected component of S 
we have A(A) dm > 0. Since dX = uj = dQ, the form 77 = A — is closed on S. Then 

/ A(A) dm = {Sim), [r/]) + / 0(A) dm = [ 0(A) dm. 
JN JN JN 

From (|77j) we have that 

0(A) iyoo''\^ = neAuj'^-\. 
Let W be the fiberwise convex hull of N in T*M. Then dW = N. By Stokes Theorem, 

/ 0(A) dm = / 0(A)iyw"= f n0Acj"-i=n/" uj"". 
JN Jaw Jdw Jw 
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We prove that the last integral is positive. Since dH{Y) = iyi—ix^) = !> the convexity 
of H implies that Y is an outwards pointing vector in S = dW. A basis {vi, . . . ,V2n-i) 
of TS is positively oriented iff iyu;"(t;i, . . . , f2n-i) = ^^{Y, ^i, ■ ■ ■ , f2n-i) > and Stokes 
theorem uses {Y,vi, . . . , V2n-i) as a positively oriented basis for TW. 

□ 

B.3. Remark. 

Lemma IB . 21 also says that the Liouville measure has always positive {L + A;)-action, for 
in the energy level E~^{k} we have that @{X) = v ■ = L + k. 

Proof of Theorem IB.lt 

Prom there is a closed 1-form 77 on M such that cq{L) = c{L — ri). The Hamiltonian 
of L — cj is M.{x,p) = H{x,p + r]). If /c > co{L), by Theorem A in [21 there is a smooth 
function ti : M — > M such that HI(x, dxu) < k for all x G M. From the definition ^ of the 
Hamiltonian H we have that 

L(x, v) — rjx{v) — dxu{v) + A; > for all (x, v) £ TM. 

Let Q = pdx he the Liouville 1-form on T*M. Let A := Q — ij o dn — du o dn, where 
vr : T*M ^ M is the projection. Since r] is closed, dX = d@ = lu. On H^^{k} we have 
that 

e{X) = p-Hp = L{x,v) + k, 
where v = Hp{x,p). Since X = (Hp, *), on H^^{k} we have that 

X{X) = L{x, v) + k — rix{v) — dxu{v) > 0, 

where v = Hp{x,p). 

Now assume that Cu{L) < k < cq{L). Let L be the lift of L to the abelian cover M. 
Since k < cq{L) = c{L), there exists a closed curve 7 in M with negative (L + A;)-action. 
Observe that the projection 7 of 7 to M has trivial homology class. The homotopy class 
of 7 can not be trivial because if it where, its lift to the universal cover would be closed 
and since k > Cu{L) its (L + A;)-action would be non-negative. Let a be the free homotopy 
class of 7 and let 

A„ := { (x,T) G Am I X G (J, T > 0}. 
Since k > Cu{L), by lemma 

Since k > Cu{L), by CorollaryEl •^k satisfies the Palais-Smale condition. By Corollarv l6.11l 
the gradient flow of —Ak is relatively complete on [Ak < 0]. Then by Corollarv 16.61 
there is a minimizer (x,T) of Ak on The curve y{t) := x(t/T) is a periodic orbit 
of the Euler-Lagrange flow with negative (L + A:)-action and energy k. Let fi be the 
invariant probability measure supported on the periodic orbit {y,y) and let v = 
C{x,v) = (x,L„(x,f)). Since the homology class corresponding to a is trivial, p{fi) = 0. 

^Alternatively, the integral is equal to the (L + k) action of the Liouville measure on E~^{k}. If 
£ > co{L) by O, AL+eimi) > 0, and one can show that the orientation on E~^{£} defined by the Liouville 
measure varies continuously with £. 



68 



G. CONTRERAS 



By lemma [T().2I since 7r^:{S{v)) = p{fi) = and M ^ T^, S(v) = 0. If A is a contact-type 
form, since supp(/x) C E'^^jfc}, the same calculation as in (|76|) gives 



This contradicts lemma IB. 21 

When k = co(L), by (0) there is an invariant probability ii such that pi^ii) = and 
Ai_|_co(/u) = 0. The same argument as in (f78|) shows that H^^{co} is not of contact type. 

□ 



The following result was suggested by R. Maiie in jTB]. 

C.l. Theorem. If L is a convex superlinear lagrangian and the 1-form Ox '■= Ly{x,0) is 
closed, then every energy level contains a closed orbit. 

Since we are looking for closed orbits on specified energy levels, by [HI prop. 18] we 
can assume that L is Riemannian at infinity. Since the 1-form 6x is closed the lagrangian 
h = L — 9x has the same Euler-Lagrange flow as L. Replacing L by L we can also assume 
that 9x = 0- If k > eo{L), by lemma l3Tl 



Therefore c(L) = eo{L). By theorem [HI when k > cq = c{L) the energy level has 
(non-trivial) closed orbits and at A; = eo it has a singularity. 

By Proposition 18.21 and Frauenfelder-Schlenk theorem 9^ for k < eo the set [E < k] 
has finite Hofer-Zehnder capacity. Then jl2| Th. 5, p. 123] it has a closed orbit on every 
contact type energy level E^^{k} with k < cq. 

Singular energy levels have a singularity of the Euler-Lagrange flow. Now we see that 
the regular energy levels of L are of contact type. We use the following 

C.2. Proposition. [McDuff also [3 sec. 2 & app. B]/ Suppose that the flow of a 
vector field X on a compact orientable manifold S does not admit a global cross section. 
Let Q be a smooth 1-form on S. Then the following are equivalent 

(1) j Q{X) dfi ^ for every invariant Borel probability with zero asymptotic cycle. 

(2) There exist a smooth closed 1-form such that Q{X) + ip{X) never vanishes. 

Let be a regular value of the energy function. Let H be the hamiltonian of L and 
X its hamiltonian vector field. Since the Liouville measure has zero asymptotic cycle 
(inside Lemma lB.2|) the energy level S = H^^{k^ has no global cross section. For, by 
Poincare duality such cross section would give a closed 1-form rj such that {S{fi),r]) = 
Jj.r]{X) dfi > for every invariant probability p. Since E~^{k} is a regular energy level, 
if {x,v) £ E~^{k} then k = E{x,v) > E{x,0). By Lemma l3. II writing Q =pdx, 

@{X) = v U{x,v) = L{x,v) + k>lao\v\l+ [k- E{x,0)] > if E{x,v) = k. 

By proposition IC2I there is a closed form on S such that Q{X) + (p{X) ^ 0. Let 
A = e + v?. Then X{X) / and dX = dQ = to. 

Indeed, as above, from Lemma IB . 21 and proposition IC.2I we have 



(78) 
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L{x, v) + k>^ao \v\l +[k- E{x, 0)] > 0. 
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C.3. Proposition. 

A compact energy level E^^{k} of a convex lagrangian is of contact type if and only if 
74i_|_fc(/x) > for every Borel invariant probability in E^'^{k^ with zero asymptotic cycle. 
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